3 Surface Approximation of
Complex 3-D Objects

Chia-Wei Liao and Gérard Medioni
Our goal is to generate a surface description of complex objects with parts and
holes. We start by fitting a surface, assuming the object is of Genus 0, then analyze
the result to further segment the description.

In the first part of our algorithm, the system provides an initial estimated sur-
face which is subject to internal forces (describing implicit continuity properties such
as smoothness) and external forces which attract it toward the data points. The prob-
lem is cast in terms of energy minimization. We solve this non-convex optimization
problem by using the well known Powell algorithm which guarantees convergence
and does not require gradient information. The variables are the positions of the con-
trol points. The number of control points processed by Powell at one time is controlled.
The process is controlled by two parameters only, which are constant for all our ex-
periments.

The above approach is not sufficient for complex objects with cavities, or for more
than one object. We therefore propose an approach that can apply simultaneously
more than one curve or surface to approximate multiple objects. Using (1) the residual
data points, (2) the bad parts of the fitting surface, and (3) appropriate Boolean oper-
ations, our approach is able to handle objects more complicated than Genus 0 or with
deep cavities, and can perform segmentation if there is more than one underlying ob-
ject.

3.1 Introduction

Range sensing is a mature technology, and there are many methods, such as
time of flight and MR, collect 3D data based on this technology. In addition to this,
3D data can also be obtained in passive ways like stereo and shape from X methods.
The data obtained from the above sources is in the form of points.

But, in computer vision, what we need are some properties such as the curva-
ture, normal, and principal directions. These quantities relate to the underlying sur-
face, which is not made explicit in the original data. Furthermore, it is even more
difficult if some ordering relation among the data points is not known. This happens
mainly when we gather data points from various sources. Analytical surface construc-
tion of a cloud of points (boundary points of the object) becomes important because it
Is much easier to extract the features from an analytical surfaces. So, we need some
tools to construct an analytical description (for example, surface) for the collected 3D
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data. A deformable model, which can give a analytical surface representation over a
cloud of 3D data points, is able to serve this purpose.

The idea of fitting data by a deformable model can be found in the work of Kass
et al. [14] in 2D. Such models are generalized in 3D by the same authors [15] for a
surface of revolution.

There have been many works [16]-[29] derived from this seminal idea. But most
of them either require many parameters, or cannot guarantee convergence (partially
due to the use of gradient descent to minimize the energy). Furthermore, they suffer
from the following problems:

First, there may be more than one underlying object, and these objects might be
close to one another. Most deformable model algorithms assume that there is only one
object, that is, the segmentation has been done beforehand. It takes sophisticated seg-
mentation to separate these mixed objects, and it is often the case that segmentation
Is much more difficult than the fitting process.

Second, they cannot handle very well patterns with deep and narrow cavities. To
capture a cavity directly through energy minimization, we need to differentiate be-
tween the data points belonging to the cavities from the other points when defining
the external energy. But this might lead to a circular problem.

Third, without prior knowledge, most of them are insufficient for objects more
complicated than Genus 0.

Our proposed algorithm can deal with these problems appropriately. There are
mainly two parts in our algorithm. In the first part, we focus on the Genus 0 surface
fitting. We apply a tested numerical method which guarantees convergence. Through
an coarse-to-fine approach and a partitioning scheme, the computational time is kept
in check. By using the surface fitting algorithm in the first part and appropriate bool-
ean operations, we develop another method that can accomplish data segmentation
and handle objects with deep cavities or more complicated than Genus 0.

3.2 Part 1: Genus 0 surface fitting
3.2.1 Issues
Several problems come with the algorithms dealing with deformable models:

1. Huge computational time and space: Assuming MxN control points on the fit-
ting surface, there are 3SMN variables for this surface. Theoretically, we can just inject
these 3MN variables into a minimization algorithm to minimize the energy of the fit-
ting surface. This approach turns out to be impractical due to the unbearable compu-
tational time when 3MN is large. Furthermore, most minimization algorithms need
a matrix of size (3MN)x(3MN), which also results in huge space complexity. An adap-
tive approach can just alleviate these problems, but cannot avoid these problems in
the worst case, especially when all control points or patches are bad.
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2. Constructing a smooth closed surface from the B-spline control points: we ob-
tain a closed surface by closing the top and bottom parts of the rectangular mesh as
depicted in Figure 3.1 . The problem is that the poles are not smooth when we try to
construct a smooth surface directly from the control points. It is because these two
poles are shared by many degenerate patches (triangular patches) around them.

3. A good approximation of the data as the initial surface: the quality of the fit-
ting result depends on the initial surface, and we would like the result to be invariant
to the initial surface as long as the initial surface is not too bad.

4. The convergence of the surface to the data points: the convergence of the fit-
ting process should be guaranteed. By using the Powell [30] minimization routine, the
convergence is guaranteed.

All problems listed above are well handled by our algorithm for the surface fit-
ting.

3.2.2 Algorithm

Now, we define some terms for further use. We define a Cap to be the triangular
patches formed by a Pole and its adjacent control points. So, we always have two
Caps. A Meridian (a line of constant u in parameter space) is defined to be the line
connecting the two Poles, as depicted in Figure 3.1 .
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Figure 3.1 The initial closed surface and the definitions of
Pole, Meridian, and Cap

A flowchart of our algorithm is in Figure 3.2 .

In our algorithm, we consider a sphere as composed of three parts, which are two
caps and an open cylinder as shown in Figure 3.1 . These three parts are processed
separately in our algorithm.

Instead of injecting all MxN control points into the minimization procedure
(which is possible but extremely expensive), we decompose the problem into a curve
fitting problem followed by a (simpler) mesh fitting problem.

Given that the caps are already in place, we select every other meridian and
move their (M-4) control points, which are not shared with the two caps, to minimize
their energy. We then select the remaining meridians and move their (M-4) control
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Figure 3.2 The flowchart of the Genus 0 algorithm

points, which are not shared with the two caps, to minimize the energy of the related
patches this time. It is important to note, however, that only the bad segments (patch-
es or curves) are injected into the minimization procedure (after the energy minimi-
zation, we can guarantee that the associated energy of the bad segments is reduced,
but some segments with higher external energy might still be bad). Then, we subdi-
vide all patches in four, and repeat the process until some terminating condition is
met.

Our algorithm is a 4-stage one, and during the first three stages, Powell is called
frequently for energy minimization.
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First, we fit the caps to the data, and force the caps to be planar. This way, all
tangent vectors in all directions at the pole are coplanar. When fitting, the cap can
change its shape, subject to the planar constraint, in order to get the best fit. By du-
plicating the control points at the poles and this planar constraint, we can get a
smooth caps around the poles when we want to construct a smoother (e.g. C1) surface.

Second, we perform the curve fitting to some meridians to locate the profile of
the target, and this is done by applying energy minimization to these meridians. We
select the odd(resp. even)-indexed meridians and fit them to the data by treating them
as approximating linear B-snake [16]. The only difference between a B-snake and a
selected meridian lies in the internal energy. When calculating the internal energy of
these meridians, we not only consider their own smoothness but also the smoothness
between them and their immediate neighboring even(resp. odd)-indexed meridians
(an example is depicted in Figure 3.8 ). Then we let them adapt to find the profiles of
the target. These selected meridians are not influenced much by the fitting surface (by
the internal energy) when moving, so they can detect the object more accurately.
Please notice that the external energy of these selected meridians is defined on the
curve without considering the surface nearby. The surface is separated by the selected
meridians into independent “strips” in a way, and each strip contains an even(resp.
odd)-indexed meridian. Each strip is bounded by two odd(resp. even)-indexed merid-
ians.

Next, we fit each strip to the target. We select meridians of the other polarity,
even(resp. odd)-indexed, to do the mesh fitting for each strip. We treat them as regu-
lar snakes, except that they are tuned to minimize the external energy (error) of the
strip. This means the external energy is not only from the curve but also from the area
it defines.

The fourth stage is subdivision (in Figure 3.3 ). If the fitting surface up to now is
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Figure 3.3 Subdivision (except on the caps).

not satisfactory, we subdivide all rectangular patches into four and then go back to
stage 1, otherwise, we exit.

3.2.3 Initial guess

What we want to obtain is the outer contour of the target at each stage. The con-
cavities of the objects can be detected later by applying Boolean operations applied at
the next stage. We just need to have the initial surface (or curve) covering all data

Final Technical Report 29



points. So, the initial fitting surface would be slightly larger than the target, and it
shrinks when the energy is being minimized.

First, we compute the center of mass of the data points, and extract the farthest
data point in each sampled direction. The polygon formed by these extremal data
points is used as the initial guess. An illustrative example is in shown Figure 3.4 .

In the 3D case, we have two alternatives. The first one is to use a cylinder cov-
ering all data points as the initial surface. In the second approach, we first calculate
the center of mass C, too. In order to make the system invariant under translation and
scaling, we compute the three eigen vectors of the covariance matrix of the data
points, and then use these orthogonal vectors to define another coordinate system
with the origin at C. We define the sampled directions according to this coordinate
system, and find the farthest data point in each sampled direction. With these far-
thest points, we can obtain a fairly good initial estimate on the data points. In both
approaches, the caps of the initial surface must be initialized to be planar. Examples
for these two approaches are in Figure 3.5 and Figure 3.6, respectively.

In both 2D and 3D cases, if there is no data point in the sampled direction, we
set the corresponding radius to a predefined constant for the initial estimate of the
curve and surface.

(a) Data points  (b) Center of massand the () Initial snake
sampled farthest data points (& Polygon)

Figure 3.4 Initial guess

3.2.4 Parameters

There are only two important parameters, ERROR resholg @Nd RATIOgyt.t0-ints
set by the user in this algorithm.

ERROR¢hreshold 1S Used to determine whether or not a patch of the surface or a
span of the snake is good. We only process the bad parts of the snakes and the bad
patches on the fitting surface during each iteration. At each iteration, a patch (or a
span) is good if its average external energy is smaller than ERROReshold; Other-
wise, it is bad.

RATIOgyt-10-int SPECIfies the relative importance of the external energy with re-
spect to the internal energy. After setting RATIOgyt-t0-int: tWO internal parameters
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Weyt and Wi, concerning the weights of the external and internal energies, are set
by the system. W, is always 1, and W is set as below:

_ Ecurrent—ext

W. =
Int Ecurrent—int X RATloext—to—int

Where Erent-ext 1S the current exter-
nal energy of the fitting surface or snake,
and Egrrent-int 1S the current internal ener-
gy of the fitting surface or snake

Every time Powell is invoked, Wj,, is re-calculated based on RATIOgy¢.t0-int 28Nd
the current internal and external energies of the fitting surface. So every time, Powell
may be called with different Wj,,.

The reasons why we set RATIOgyt-to-int 1S that We, and W, are different mea-
sures and thus on different scales. RATIOgyt.t0-int SEFVves to normalize two energies.
RATIOgyt-10-int 1S @lways greater than 1; otherwise, the fitting surface is unlikely to
conform to the data points, as we now explain.

As we subdivide the surface after each iteration, the fitting surface is approach-
ing the real object. We have more confidence in the fitting surface. So it is suggested
that the internal energy weight be reduced as the process goes on. One more advan-
tage of RATIOgyt.t0-int 1S that the weight of the internal energy tends to decrease as
the process goes on, because E. decreases faster than E;,, does when RATIOgyt-to-int
Is greater than 1. By setting RATIO¢y¢.10-int t0 be a constant greater than 1, we can
diminish the importance of the internal energy after each iteration implicitly, and
thus obtain a better fitting surface.

On the contrary, if we set Wi, directly and keep it unchanged, then the internal
energy tends to dominate at the later iterations because the external energy decreas-
es faster than the internal energy does. This might not lead to a good fit.

These two parameters could be constants in most cases, which means we can use
the same values for most data regardless of the complexity of the underlying object
(because the weight of the internal energy decreases automatically as the fitting pro-
cess goes on). Thus, we can assume the underlying object is smooth, and assign a lib-
eral weight to the internal energy. We use the same parameter values in our
experiments.

3.2.5 Summary

In summary, in the first step, we fit the caps. Next, the odd(resp. even)-indexed
meridians are used to find the profile or frame of the target, and the surface is divided
into strips by these meridians. Then the even(resp. odd)-indexed meridians are ap-
plied to fit the strips to the data. Finally in stage four, we subdivide the surface, that
is, we divide each rectangular patch at its center into four (we can avoid degenerate
patches this way). We break the 3D surface problem into a set of 2D (linear) B-snake
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problems in a way. Also notice that, at each step, although we have different ways of
calculating the internal energy E and the external energy E the basic idea is
the same.

int’ ext’

We can see that this is a typical coarse-to-fine approach. We start with few con-
trol points and large patches, then we increase the number of the patches and control
points at later iterations.

Our algorithm overcomes the time and space complexities, and closed surface
problems by (1) breaking the 3D surface problems into several 2D snake problems,
which is shown in stages 2 and 3, (2) coarse-to-fine approach, and (3) forcing the cap
to be planar. Due to the robustness of Powell, we do not need a good initial guess. Also,
the Powell method guarantees convergence.

Please notice that stages 2 and 3 can be performed very fast when there are few
control points. We can take advantage of this to get more reliable global information.
The computational time could also be largely reduced by parallel processing. It is ob-
vious that (1) the two caps are independent of each other, (2) all odd(resp. even)-in-
dexed meridians are independent of one another, and (3) all even(resp. odd)-indexed
meridians are independent of one another, so each stage can be performed in parallel.

3.2.6 Experiments

ERROR¢hreshold @Nd RATIOgyt-to-int @re 1.0 and 10 in all of our experiments. The
first experiment on the head is performed on Sparc 10, and the second on IRIS Indigo.

Figure 3.5 shows the evolution of the fitting surface with the cylindrical initial
surface, and both the shaded and wire-frame results are shown. The average external
energy of the surface point is initially 20.15 voxels, 1.43 voxels after the first iteration,
1.21 voxels after the second iteration (one sub-division has been done), and 1.18 vox-
els after the third iteration (two sub-divisions have been done).

An experiment on the Renault part (see Figure 3.6 ). Around 3820 control points
are used. The maximum point error of the fitting surface is 2.0, and the average is
0.37 voxel. The running time here includes the time for constructing the energy field,
so it is longer than those for the other experiments. There are three iterations (two
subdivision). A 200x200x200 cube is used to store the external energy. The average
error is 10.54 voxels initially, 1.04 voxels after the first iteration, 0.41 voxel after the
second iteration, and 0.37 voxel finally. The distribution of the error is also shown. (a)
shows the original data. (b) is the shaded result. (c) is the initial surface. (d), (e), and
(f) are the results after each iterations. (g), (h), (i), and (j) show the patches with an
error above 0.3, 0.6, 0.9, and 1.2, respectively. There are only three patches with an
error over 1.2 (and less 2.0). The detailed information is on Tables 1 and 2.
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(a) Initial surface.
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Figure 3.5 The evolution of the experiment of head 1. (a) is the initial
surface (cylinder). (b), (c), and (d) are the deformed results for each
iteration. The surface has been sub-divided twice. (e), (f), (g), and (h) show
the wire frames of (a), (b), (c), and (d).

(d) Result 3

(h) Wireframe 3

3.3 Part 2: Surface fitting for complex objects

3.3.1 Issues

Most deformable algorithms are deficient when (1) there are multiple underly-
ing objects, (2) there are deep cavities, or (3) the underlying objects are more compli-
cated than Genus 0. These are the problems we want to resolve here.

Table 1: Performance on the Renault part experiment

Initial first second third
surface iteration iteration iteration
Error 10.54 1.04 0.41 0.37
Control points 16x18 16x18 32x33 64%63
Computation time (min.) 0.1 21 19 3

Table 2: General information on the Renault part experiment

Number of data points

Time for constructing energy field

No of subdivisions

214100

2.16 minutes
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(9) Patches with (h) Patches with
anearor > 0.3 anerror > 0.6
(i) Patches with () Patches with
anerror > 1.2

anerror > 0.9

Figure 3.6 Experiment on a Renault part.
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3.3.2 Algorithm

Our proposed approach is to use a hierarchy. We would like to handle a compli-
cated object by representing it as a tree. The underlying object can be obtained by ap-
plying Boolean operations recursively to the tree. Every node in the tree, including
the root, is supposed to be a simple object without narrow cavities or inner tunnels,
that is, each node contains the outer contour of some object. We still use the energy
fields mentioned in the previous section to detect the outer contour.

Let B be the outer contour first found. Then, we isolate residual data points that
are not well fitted, and cluster these residual data points into groups. Next, we find
those bad parts of the fitting curve with high external energy. For each bad part, we
check if there is a group of residual data points connected with it. If so, we merge it
into this group, otherwise we consider this bad part good because no data points are
nearby. Now, we have groups of points. We treat each group of bad data points as an
object and find out its contour recursively. Let P be one of the contours.

If P is inside B, which means P is a negative part of B, then B= B\P;
If P is outside B, which means P is a missing part of B, then B=BOP.

How do we check if sub-part P is inside or outside body B? Because the boundary
of any object here is a closed continuous B-spline curve, we can separate the inside
from the outside by setting different gray levels inside these two regions. Through the
gray level values, we can tell whether a pixel is in B or not. Thus we can determine if
P is inside or outside B easily.

An illustrative 2D example is given in Figure 3.7 . (a) shows a complex object
Object

P2 P3 P4 t
= ( DI \ \|\ L EAVACN
P, P, P3Py

h\h \t

(a) Original object (b) Result of (a) (c) Tree of (b)
P Objectl Object2

I nm

(d) Original data composed (€) We can detect two objects after applying
of two objects. the difference Boolean operation.

Figure 3.7 Two illustrative examples of object
decomposition.

with deep cavities. In (b), by finding the outer profile only, and using the residual data
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points and the bad curve segments, we get simple-shaped primitives B, Py, P,, P3, Py,
Ps, and Pg. The original object can be restored by applying the appropriate union and
difference Boolean operations. (c) shows the tree associated with the result in (b). (d)
shows two objects close to each other. By applying the difference operation, we can
classify this set of data points into two different objects as shown in (e).

3.3.3 Experiments

In the first experiment (in Figure 3.8 ), we use hand-made data, which consists

SI[ER 3

(a) Original hand-made data (b) Fitting result after applying
a sequence  of Boolean operations.

Initial guess 1| I: | :
T
Outer profilg fdund after the first fit ¢

A
Fitting results of these Bad fitting segments Data points not
two clusters accounted for

(c) Two clusters of the bad segments and bad data
points are found after the first fit

Result= \ \
(d) Order of the Boolean operations applied

Figure 3.8 Segmentation on two concave patterns.

of two simple objects with deep concavities. After applying a B-snake and appropriate
Boolean operations, these two objects are differentiated. (a) is the original data, and
(b) is the final result. (c) shows the initial guess, and how the residual data points and
the bad B-snake segments merge into two clusters (which form the negative parts of
the target). (d) shows the Boolean operations applied. At first, the outer contour is
found. We find two clusters of residual data points inside the outer contour, so the dif-
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ference Boolean operations are applied. Finally, the original contour is separated into
two

In the second experiment (in Figure 3.9 ), the data points are the same as those

¢

(a) Data corrupted by noise (b) Fitting result

Figure 3.9 Experiments on noisy data.

in Figure 3.8 except that (1) half of the data points are deleted randomly, and (2) the
data points are randomly shifted at most 3 pixels. (a) shows the data points, which
have broken boundaries. (b) is the result. The sequences of the Boolean operations ap-
plied are exactly the same as those in the previous experiments. The boundaries de-
tected here are more irregular, but they are still continuous B-spline curves. So the
objects and the hole can still be correctly segmented.

The third experiment, in Figure 4.10, is on 3D data which is composed of two
separate genus 1 toruses. (a) shows the data points, (b) is the result (object A) after
the first fit, which results in a dumbbell-like shape, (c) is the residual of the data
points that are not accounted for by object A. They are from the inner parts of the two
toruses, and (d) shows the bad parts of object A without data points nearby. They are
from the two ends and middle of object A. (e) is the merger of points in (c) and (d). ()
is the fitting result (object B) to points in (e). Because object B is inside object A, a dif-
ference operation A\B is applied, which leads to two separate entities. (g) shows the
shells of the two separate entities, which are toruses. In this experiment, objects (two
separate toruses) more complex than genus 0 are well handled, and the data segmen-
tation, which segments the data points into two parts, is automatically done after fit-
ting.

3.4 Discussion

There are several important aspects in this paper:

= Our new scheme is a coarse-to-fine approach. It divides all patches after each
iteration. It is efficient because if a patch is really good, then the only operation
applied to it in the future is just sub-division, which costs very little. This
scheme also preserve the rectangular structure of the surface after each sub-di-
vision, which makes generating smooth surface easier and cheaper. This ap-
proach is free from the degenerate patch problem because a rectangular patch is
always divided into 4 rectangular ones. We prefer the rectangular mesh to the
triangular mesh because it is much easier to construct a smoother surface from
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(c) Residual of data points.
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(d) Bad parts of the fitting :surface.
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(g) Result of the boolean operaﬁ on A\B.
Figure 4.10 Experiment on two tori
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the rectangular mesh, and the properties, such as derivatives, are much easier
to obtain.

= There is always a large matrix associated with the minimization algorithm,
and the size of the matrix is proportional to the square of the number of the vari-
ables. This might result in the memory explosion if there are many control
points to handle at a time. Also, the numerical method goes extremely slow un-
der this situation. With the partitioning scheme, we break a 3 dimensional prob-
lem down into several 2 dimensional problems, and then the space and time
complexities can be reduced significantly. We separate the surface into several
strips, so Powell is always called with a limited number of variables. For exam-
ple, if the fitting surface has MxN control points, the maximum number of vari-
ables sent to Powell is around 3*(N-4). Only the bad parts of the strips and the
meridians are tuned by Powell. So, in practice, the number of variables is far be-
low 3*(N-4). The caps only have (N+5) variables, which is also low.

= We reduce the weight of the internal energy implicitly as the iteration goes on,
because we have more confidence in the fitting surface after each iteration. This
way, the discontinuities of the data can be well preserved.

= We use the Powell minimization routine which is more stable, robust, and ac-
curate than the gradient descent approach.

= Due to the independency among the caps and meridians, our algorithm could
run in parallel.

= This system is easy to control because there are only two global parameters to
adjust.

= The assumptions of (1) one underlying object only, (2) the availability of good
initial guess, and (3) geometrically simple objects without deep cavities have
been the weakness points of the deformable model algorithms. By applying mul-
tiple snakes simultaneously and Boolean operations, objects can be segmented
into independent ones, and cavities can also be well handled. Our algorithm
makes the deformable model much more versatile.

3.5 Future work

We would like to upgrade all algorithms in this paper completely to 3D ones, and
build a working system for both 2D and 3D. In addition, we would like to work out a
better 3D surface representation which can handle multiple objects and objects more
complicated than Genus 0.
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