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Abstract

We address the problem of obtaining natural (intu-
itive) descriptions of 3D shapes. We present one of
the �rst attempts to address the description of 3D com-
pound objects, where the parts are connected smoothly.
The input we consider is either complete 3D data or
range data from a single view. We suggest a volumetric
graph representation of the object, where the nodes rep-
resent individual parts and the edges represent connec-
tivity information. We suggest the use of properties of
the parabolic curves for performing the part decomposi-
tion. We currently consider parts with tubular structure
with a straight or curved axis. The graph description
presents a structural description of the shape in terms
of parts and their arrangement. We are also interested
in the internal description of the parts. We study two
well de�ned classes of shapes, namely Straight Homoge-
neous Generalized Cylinders, and Planar Right Constant
GCs. We suggest the use of properties of the parabolic
curves for recovering natural descriptions of these classes
in terms of their cross sections and axes.

1 Introduction

1.1 Background

We address the recovery of segmented volumetric de-
scriptions of 3D shapes. Shape description is the ba-
sis for recognition, and is one of the key problems in
machine perception. As discussed by many authors (e.g.
[4, 16, 17, 12, 22, 24]), the requirements from good shape
descriptions lead to descriptions which are segmented,
that is given in terms of their parts and parts arrange-
ment. This is also suggested by the study of human
perception [3, 19].
The problem of obtaining descriptions of 3D shapes

has received considerable attention. Several researchers
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have addressed the problem using 2-D image contours
as input (e.g. [14, 6, 21, 29, 1, 31]), while others have
used range data as input (e.g. [19, 28, 18, 7, 25]). Due
to the di�culty of the problem, assumptions are usually
made, restricting the type of objects viewed to be either
a restricted class of Generalized Cylinders (GCs) or other
basic components (e.g. geons [3]), or to possess certain
properties such as symmetries.
Several researchers have suggested superquadrics as a

tool for shape description [19, 27, 5, 9]. Most of the re-
search in this area has concentrated on �nding the best
superquadric to �t the given data. The issue of segmen-
tation of the shape into the parts is ignored in most work
in this area.
Dickinson et al. [7] address the problem of recognizing

compound objects which are composed of a limited set
of primitives (a subset of Biederman's geons [3]). These
primitives can be recovered based on their aspect graph.
The assumption in this work, as in most cases where
compound objects are handled (e.g. [1, 13]), is that there
is a discontinuity edge separating the primitives. This
assumption translates into a problem of volumetric de-
scriptions, given that the components are already seg-
mented.
Recent theoretical work has produced several impor-

tant results regarding the properties of certain GCs and
their projections [21, 29, 31]. These properties can be
used to recover the 3D information of a simple observed
GC. The issues of compound objects which are composed
of several of these GCs are not addressed. Compound
objects are far more complex than their GC components,
since even though the individual components have cer-
tain mathematical properties, these properties do not
hold for the shape as a whole.

1.2 Issues and approach

We are interested in producing natural descriptions of
three dimensional compound shapes. It is clear that this
problem involves two interconnected tasks, namely, the
decomposition of the shape into parts, and the descrip-
tion of these parts.

Decomposition As discussed above, most of the work
on 3D shapes so far has concentrated on the recovery
of descriptions of single components. When compound
shapes are addressed, the segmentation is assumed to be
an easy step. We attempt to handle compound shapes



Figure 1: Outline of our approach

2 Segmented Description of Compound
Objects

In this section we address the problem of recovering
segmented volumetric descriptions of generic compound
shapes. As discussed earlier, previous approaches have
either addressed special classes of mathematically well
de�ned shapes or they have assumed the segmentation
to be given.
When convex parts are combined smoothly, unless

there is an accidental alignment, there is an anticlastic
(negative Gaussian curvature) annular region between
them (the transversality principle). This region gives rise
to the matched concavities, which have been used as in-
dication for part segmentation of 2D shapes [12, 3, 1, 24].
In an analogous way to our 2D approach [24], we suggest
the use of the parabolic curves for performing the part
decomposition. When considering more complex parts,
such as tori, tubes or \snake like" shapes, then there
could be parabolic curves within the parts and not only
on the \glue" between them. Based on the classi�cation
of the parabolic curves we can still perform the decom-
position.

2.1 From Image to Segmented Surface
Description

Given the 3D surface data, we perform the following
steps to recover the graph description:

� First, we recover the di�erential geometric prop-
erties of the surface. We recover the derivatives
and normals to the surface, the principal direc-
tions, and the sign of the Gaussian curvature. It
has been shown that this process is stable and re-
liable [2, 20, 8, 10]. However, in the case of range
data input, considerable amounts of smoothing are
necessary as an initial step.

� Next, connected regions with the same Gaussian
curvature sign are found. A region based graph is
then generated, where the nodes are the di�erent



Figure 2: A shaded range image of a teapot (left) and
the segmented regions (right).

connected regions and the edges connect neighbor-
ing regions and represent the parabolic curves.

The graph recovered at this step is similar to graphs
suggested by other researchers (e.g. [8, 18, 11]). This
graph is a surface based description and not a volumet-
ric description. It is not at all clear how to make the
leap from this surface based description to the desired
volumetric description. Consider for example the case of
the teapot shown in Figure 2. The original shaded range
image is shown on the left, and the segmented regions
are shown on the right. The problem of this description
is that some regions have no \meaning" by themselves.
For example regions 3, 4, and 5 are not independent en-
tities, but belong to the same part, the spout. How does
one make this distinction?

2.2 From Surface to Volumetric Description

Basic shapes and parabolic curves Before describ-
ing our method for constructing the volumetric descrip-
tion, we introduce some basic generic shape components
and the di�erent types of parabolic curves, which we use
for constructing the description. These shape compo-
nents exhaust many, if not most, of the types of shape
one is likely to encounter. We follow Koenderink [15] in
the selection of these examples and in the terminology
used.

Dimple The dimple is a concavity inside an ovoidal
shape. For example, if you take a lump of clay and
push your thumb in. The concavity is surrounded
by an annular hyperbolic (negative Gaussian curva-
ture) region.

Bell The bell is a convex \wart" or part on a globally
ovoidal shape. An example is a pare shape. The
\bell" is also surrounded by an annular hyperbolic
region.

Furrow The Furrow is a hyperbolic region, or dent, in
an overall ovoidal shape. Note that this is not a con-
cavity, as the dimple (you cannot hold water in it).
An example for this type is a \kidney bean." This
region is surrounded by a single closed parabolic
curve.

Hump The hump is a convex region within a larger
hyperbolic region. This could be viewed as the op-
posite of the Furrow which is a hyperbolic region
within a convex shape.

These regions are surrounded by parabolic curves,
which are the curves of in
ection of the Gaussian curva-

ture. There are two cases of such parabolic curves. In
the \normal" case, as in the Bell, the lines of curvature
which in
ect on the parabolic curve (the lines which gen-
erate the parabolic curve), are close to being orthogonal
to the parabolic curve. We will refer to the parabolic
curves of this type as being \part-like." In the second
case, for sections of the parabolic curves, the lines of cur-
vature which in
ect on the parabolic curve, are close to
being parallel to the parabolic curve. This is the case for
the Hump, the Furrow, and also for the outer parabolic
curve surrounding the dimple. We will refer to this type
of parabolic curve as being \hump-like." As an illus-
tration, consider an \in�nitesimal ant" walking in an
orthogonal direction to the parabolic curve on the sur-
face of the Bell. This ant will \feel" an in
ection of the
curvature when it crosses the parabolic curve. On the
other hand, a sister ant walking in the same direction on
the Hump, will not feel any in
ection when crossing the
parabolic curve.

From Surface graph to Volumetric graph In the
following steps we construct the part based volumetric
graph from the surface graph obtained above.

� First, the parabolic curves are recovered from the
borders between the positive and negative regions.

� We now classify the parabolic curves. As discussed
above, we distinguish between two cases. In the
�rst case, the lines of curvature, which in
ect on
the parabolic curve, are close to being orthogonal
to the parabolic curve. This case suggests the exis-
tence of a part. In the second case, along a section
of the parabolic curve, the in
ecting lines of cur-
vature, are close to being parallel to the parabolic
curve. This case suggests that the bordering regions
belong to the same part. The actual classi�cation
process is implemented as follows: First, the tan-
gent direction to each point of the parabolic curve
is computed. The di�erence between the tangent
direction and the direction of the in
ecting line of
curvature at each point is computed. The point is
labelled according to whether this di�erence is closer
to 0 or to 90 degrees. We then �lter the labels us-
ing a majority �lter of width 5 to eliminate random
noise e�ects. Finally, if after the �ltering there is
a section which is labelled as close to parallel, then
the parabolic curve is labelled as \hump-like," oth-
erwise it is labelled as \part-like."

� Finally, we generate the part based graph descrip-
tion from the region based graph, obtained earlier,
in the following way: We combine regions which
share a \hump-like" parabolic curve into a single
node. These nodes are hypothesized as being \tube
like." Each negative curvature region connected to
two nodes is hypothesized as being \glue." The pos-
itive regions are hypothesized as being convex parts.
Negative regions surrounded by a single \hump-
like" parabolic curve are labelled as \furrows."

Figures 3 through 8 follow the whole process on two
examples, a teapot, shown on the left side, and a torus
shown on the right. Figure 3 shows the shaded range
images of the teapot (shown earlier) and torus. This is



Figure 8: Final graph description of teapot (left) and
torus (right).

the input to our system. Note that the knob on the lid of
the teapot is actually disconnected making it an indepen-
dent object. Figure 4 shows the images of the sign of the
Gaussian curvature of the respective shapes. The bor-
ders between the regions are the parabolic curves. Based
on the sign of the Gaussian curvature, connected regions
are found as shown in Figure 5. The regions graphs
obtained at this stage are depicted in Figure 6. Next,
the parabolic curves are classi�ed into \hump-like" and
\part-like", as discussed above. The parabolic curves
and their classi�cation are shown in Figure 7. Finally,
the volumetric part based graphs of the teapot and torus
are shown in Figure 8.

3 Axial Description of Parts

In the previous section we have presented a method for
recovering a segmented graph description of compound
objects. This graph represents the di�erent parts and
their arrangement, and it can be used for indexing into
a database of objects. For many applications this infor-
mation may not be su�cient. For example, when trying
to grasp an object it is important to have a description
of the parts themselves. In this section we discuss the
recovery of descriptions of some basic components.
The most simple components are convex blobs.

These could be represented in numerous ways (e.g. su-
perquadrics [27]), and we do not address them further.
The components we are interested in are tubular struc-
tures with a straight or a curved axis. In the following,
we discuss two classes of well de�ned shapes, SHGCs
and PRCGCs. Both of these classes could be described
naturally by their axis and cross sections. We show how
based on known and novel properties of these classes of
shapes, we can recover their axes and cross sections.
Unfortunately, not all parts are perfect SHGCs and

PRCGCs. It is clear that these techniques could not be
used to describe all possible parts. However, in practice,
many parts are only slight deformations of the above
classes and, therefore, these methods could still result in
meaningful descriptions.

3.1 Straight Homogeneous Generalized
Cylinders

A Straight Homogeneous Generalized Cylinder (SHGC)
[26] is a GC with a straight axis and the scaling of the
cross section as it is swept along the axis is homogeneous.
Figure 9 shows examples of SHGCs. The properties



Figure 9: Examples of Straight Homogeneous General-
ized Cylinders (adapted from [29]).

Figure 10: Cross sections and axis (left) and the shaded
image (right) of reconstructed teapot body at two di�er-
ent orientations.

of SHGCs have been studied by several researchers (e.g.
[26, 21, 29, 31]). We brie
y describe here how we recover
the axis and cross sections of SHGCS based on some of
these properties (refer to [23] for more details).

Given an SHGC, we �rst recover the parabolic curves
on its surface. If it does not have parabolic curves
then it is either simply a convex blob, or it has zero
Gaussian curvature everywhere. Both cases are not of
interest here. Ponce et al. [21] have shown that the
parabolic curves are either cross sections or meridians
of the SHGC. There are a few simple tests which can
be done to classify the parabolic curves. From the cross
sections found we can recover the axis, by computing the
intersection of their correspondence lines [31].

In the case where the cross section sweeping function
has no in
ections, there are no parabolic curves which
are cross sections. However, since the meridians are pla-
nar and the axis is in all the meridians planes, the axis
can be recovered from the intersection of the meridian
planes.

We demonstrate the reconstruction on the real range
image of the teapot in Figure 3. The body of the teapot
is an SHGC. The parabolic curves, which are also cross
sections, where recovered and classi�ed, as discussed in
Section 2. A meridian was recovered by traversing the
data in an orthogonal direction to a point on one of the
cross sections. This meridian conveys the scaling of the
sweeping function. We reconstruct a 3-D model of the
SHGC by sweeping the cross section along the axis, while
scaling it according to the scaling of the sweeping func-

Figure 11: Examples of Planar Right Constant General-
ized Cylinders (adapted from [29]).

tion. Figure 10 shows the cross sections and axis and the
shaded image of the reconstructed 3-D teapot body. To
illustrate the 3-D reconstruction, the results are shown
at two novel orientations. Note that since the input is
from only one view, we have no information about the
\back" of the object. By making assumptions on the
symmetrical nature of objects, one could infer a com-
plete (and in this case correct) reconstruction.

3.2 Planar Right Constant Generalized
Cylinders

A Planar Right Constant Generalized Cylinder
(PRCGC) [30] is a GC with a planar axis, a constant
cross section, and the cross section is orthogonal to the
axis. Figure 11 shows examples of PRCGCs. Although
very useful in modeling \tube like" objects, PRCGCs
have received relatively little attention [26, 22, 30].
In the following, we �rst present the formulation for

the Gaussian curvature of PRCGCs. This will be used to
derive two important properties of PRCGCs. We then
show how these properties are used for recovering the
axis and cross sections from the 3-D data.

3.2.1 The Gaussian curvature of PRCGCs

Consider a PRCGC. Following the notation used
in [30] (refer to Figure 12), we choose a coordinate
system, such that the axis of the PRCGC, A(t) =
(ax(t); 0; az(t)), lies in the x � z plane, and one of the
cross sections, C(u) = (cx(u); cy(u); 0)

t, is in the x � y
plane. We also let A(0) = (0; 0; 0)t and since the cross
section is orthogonal to the axis A0(0) = (0; 0; 1)t. The
surface of the PRCGC, S(u; t), is then given by:

S(u; t) = R(A0(0); A0(t)) �C(u) + A(t) (1)

where R(V1; V2) is the rotation matrix that transforms
the vector V1 into vector V2. For A0(0) = (0; 0; 1) and
A0(t) = (a0

x(t); 0; a
0

z(t)) the rotation matrix R becomes:

R =

"
a0

z(t) 0 a0

x(t)
0 1 0

�a0

x(t) 0 a0

z(t)

#

The curves generated by �xing u and varying t are the
meridians of the surface. The curves generated by �xing
t and varying u are the cross sections.
From standard di�erential geometry, the Gaussian

curvature of a surface, K, is given by

K =
LN �M2

EG� F 2
(2)

where E, F , G and L, M , N are the coe�cients of the
�rst and second fundamental forms respectively. In the
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Figure 12: A PRCGC with some meridians and cross
sections marked (adapted from [29]).

case of the PRCGC they are given by the following equa-
tions (refer to [23] for the complete computational de-
tails):

E = Su � Su = 1
F = Su � St = 0
G = St � St = (1 �KAcx)2

L = Suu � n = �KC

M = Sut � n = 0
N = Stt � n = �(1 �KAcx)KAc

0

y

(3)

where KA = KA(t) and KC = KC(u) denote the curva-
ture of the axis and cross section respectively.
From equations 2 and 3 the Gaussian curvature of a

PRCGC is given by

K = K(u; t) = �

1


(u; t)
KA(t)KC (u)c

0

y(u) (4)

where 
(u; t) = 1 � KAcx. Note that since we assume
that the PRCGC does not intersect itself, 
 is strictly
positive.

3.2.2 Properties of PRCGCs

We can now prove a property, which relates the
parabolic curves of a PRCGC to its axis, meridians, and
cross section. This is a property is very useful in recov-
ering the axis and cross sections of a PRCGC.

Property 3.1 Parabolic curves on the surface of a
PRCGC are the cross sections where the curvature of
the axis is zero, and they are meridians where either the
curvature of the cross section is zero, or when the tan-
gent to the cross section is parallel to the axis plane.

Proof From Equation 4 it is clear that the Gaussian
curvature of the surface, K(u; t), of a PRCGC is zero if
and only if

1. the curvature of the axis, KA(t), is zero for some
t0, in which case the corresponding cross section,
S(u; t0), is a parabolic curve, or,

2. the curvature of the cross section, KC(u), is zero for
some u0, in which case the corresponding meridian
S(u0; t) is a parabolic curve, or,

3. the tangent to the cross section is parallel to the
axis plane, c0y(u0) = 0 for some u0, in which case
the corresponding meridian S(u0; t) is a parabolic
curve. 2

Figure 13: A PRCGC (left) and the recovered cross sec-
tion (right). The parabolic curves (and the terminations)
are shown emphasized.

Based on the coe�cients of the �rst and second fun-
damental forms in Equation 3 we can derive the follow-
ing important property of PRCGCs. This property is
well known for the speci�c case of the torus, but, to the
best of our knowledge, was never stated for more general
PRCGCs.

Property 3.2 The meridians and cross sections of a
PRCGC are its lines of curvature.

Proof From standard di�erential geometry we know
that the parameter curves in the neighborhood of a non-
umbilical point are lines of curvature if and only if F =
M = 0. Based on Equation 3 this condition holds for the
above u and t parameterization of the PRCGC where,
as noted, the u parameter curves are the cross sections
and the t parameter curves are the meridians. 2

3.2.3 Recovering the axis and cross section of
a PRCGC

The above properties suggest two methods for recov-
ering the cross section and the meridians of a PRCGC.
One possibility, based on Property 3.2, is to compute the
lines of curvature on the surface, which are the cross sec-
tions and meridians. To recover the cross section, it is
actually su�cient to compute the principal directions at
any point on the surface and cut the object along them.
The other possibility, based on Property 3.1, is to recover
the parabolic curves which are also either meridians or
cross sections. We have used the second method in our
experiments. Note that a PRCGC must always have at
least two parabolic curves (unless it is the degenerate
case of a straight axis and convex cross section). As in
the case of the SHGC, there are a few simple tests which
can be done to classify the parabolic curves and the lines
of curvature.
The cross section and meridians of a PRCGC give a

complete description of it, since any curve parallel to
the meridians could be the axis. We de�ne the most
intuitive axis to be the one passing through the center of
the cross section (or center of gravity for a non-circular
cross section).
Figures 13 and 14 show results on two complete, syn-

thetic PRCGCs. In both images the PRCGC is shown
on the left. The parabolic curves and the terminations
are emphasized with thicker lines. In the case of the
PRCGC of Figure 14 only the top �ve parabolic curves
are emphasized to avoid cluttering of the image. In both
instances, the recovered cross-sections are shown on the
right.



Figure 14: A PRCGC (left) and the recovered cross sec-
tion (right). The top parabolic curves (and the termina-
tions) are shown emphasized.

Figure 15: Cross sections and shaded image of recon-
structed torus.

Finally, we turn back to our examples of real range im-
ages of the teapot and torus (Figure 3). The torus and
the handle of the teapot are nearly perfect PRCGCs.
The parabolic curves where recovered and classi�ed, as
discussed in Section 2 (see Figure 7). A cross section is
recovered by traversing the data in an orthogonal direc-
tion from a point on the meridian. Finally, we recon-
struct a 3-D model of the PRCGC by sweeping the cross
section along the meridian. To illustrate the reconstruc-
tion we show the results at di�erent orientations. Fig-
ure 15 shows the cross sections and shaded image of the
reconstructed 3-D torus, while Figure 16 shows the cross
sections and shaded images of the reconstructed teapot
handle at two di�erent orientations.

Figure 16: Cross sections and shaded image of recon-
structed teapot handle at two di�erent orientations.

4 Concluding remarks

We have addressed the problem of obtaining natural vol-
umetric descriptions of three dimensional shapes. We ad-
dress compound shapes where the components are con-
nected smoothly. We use the parabolic curves for seg-
menting the shape into its components. We currently
handle parts with tubular structure. We generate a
graph where the nodes represent the individual parts.
This graph presents a structural description of the shape
in terms of parts and their arrangement. We have also
presented methods for recovering the axis, meridians and
cross sections of SHGC and PRCGC components, based
on known and novel mathematical properties.
We have presented some preliminary, but promising

results. Some more tests are still necessary and are cur-
rently underway. The issues of recovering the descrip-
tion from a single range image are also not completely
addressed. Extensions to other classes of components
are also under investigation.
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