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5  Recovering Surfaces, 3-D
Intersections, and 3-D Junctions

Using Perceptual Constraints
Gideon Guy and Gérard Medioni

We treat the problem of recovering surfaces from an incomplete set of input mea-
surements, by applying perceptual constraints to the data. This extends our 2D per-
ceptual Grouping work [64] to three dimensions. We show how both the Extension
fields and the Saliency indicators, which were used for the 2-D case, can be elegantly
generalized to 3-D.

We treat sparse “clouds” of non-oriented points, oriented points, and partial sur-
faces, in a uniform and non-iterative way. We are able to handle scenes of any genus,
any number of discontinuities, and of any number of objects, without a priori knowl-
edge or special considerations. The result is in the form of three dense saliency maps
for surfaces, intersections between surfaces, and 3-D junctions. These saliency maps
can then be used to guide a “following” process to generate a CAD model of surfaces,
space curves, and 3-D junctions. We present some preliminary results on computer-
generated images.

5.1  Introduction

Perceptual organization has gained popularity in the Computer Vision research
in the past few years, and its importance has been widely recognized. First proposed
by Lowe [67], and later by numerous researchers (e.g. [59,60,69], and see [63] for a
more complete review), perceptual considerations have been used for a variety of
problems in Computer Vision. All of above attempts took as input two dimensional
image features.

Among the perceptual constraints used, the most common are: Co-Linearity,
Proximity, Simplicity, and Co-Curvilinearity. These constraints are used to handle
gaps and errors in input data, and assist in a higher-level description. The same kind
of task is present in 3-D inputs, where some 3-D data is available, but it is not com-
plete and/or it is noisy. Such input data is normally acquired by range imaging or as
a result of a process that finds depth from X (stereo, shape from shading etc.). Here
the task is to describe the underlying surfaces.

Much work has been done in fitting surfaces to clouds of points. The deformable
models approach (first proposed by Kass et al. [65] for 2D, and in [70] for 3D) attempts
to deform an initial shape so that it fits a set of points through energy minimization.
The deformable shape is subject to certain constraints (such as smoothness, stiffness
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etc.) and the point data set behaves as an attractive energy field. Sander [61] have re-
cently proposed a local algorithm to describe surfaces from a set of points. A quadratic
surface is estimated around each data point, and an iterative process refines the local
surfaces, and creates graph-like connections between compatible patches. Others
have used similar methods (for a summary see [66]).

All of the above methods are computationally expensive as an iterative process
takes place. Also in many of the methods, only one genus-zero object can be described
at any one time, and surface boundaries and discontinuities are not always easy to
describe.

We start by briefly discussing our older 2-D work, emphasizing the derivation
and justification of the combination mechanisms. This will serve as an introduction
to the derivation of the 3-D combination mechanisms, which share the same para-
digms.

5.2  From 2D fields to 3D fields

In our 2-D work [64] we describe two basic fields, namely, the Extension field and
the point field. The Extension field is used when edgels are present in the input, and
the point field is used whenever non-oriented features are present. The 2-D version of
the two fields are shown in Figure 5.1  The elements of the 2-D Extension field de-
scribe the most likely orientation of a curve passing everywhere in space. The above
field is used as a mask in a so-called directional convolution, in which the mask is ori-
ented along segments of the input image. votes that consist of strength and orienta-
tion are accumulated at each site of the image, to later determine the saliency of such
site. The result is thus a saliency map, where high values denote high likelihood of a
curve passing there. The actual combination at each site is described next and paves
the way to the 3D case.

Figure 5.1 (a) The 2-D Extension field (b)the 2-D point field.

Edge element

(a) (b)
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5.2.1  Combination per site - The 2-D case

Ideally, we would want an averaged majority vote regarding the preferred orien-
tation at a given position. In practice, we treat the contributions to a site as being vec-
tor weights, and compute moments of the resulting system. Such a physical model
behaves in the desired way, giving both the preferred direction and some measure of
the agreement. We use the direction of the principal axis ( ) of that physical
model as the chosen orientation (See equation (5.1)).

(5.1)

This acts as an approximation to the desired majority vote, without the need to
consider the individual votes.

The saliency map strength values are taken as the values of the corresponding
 at each site. So, large values would indicate that a curve is likely to pass

through this point. This map can be further enhanced (as shown in the next section)
by considering the eccentricity, or . When that value is multiplied
by the previous saliency map we achieve better selectivity, and only curves are high-
lighted. This results in a map defined by .

5.2.1.1  Justification - The 2-D case
Basically, what we are looking for is a function that takes positive vectors as in-

put and results in a measure of the agreement in their orientation. The result should
satisfy several criteria:

• We want the result to be normalizable, so that we can compare different sites
on a standard scale.

• The measure needs to be monotonically increasing with the addition of positive
contributions.

• It should give higher values to ‘better’ (more directed) spatial arrangements of
vectors.

• We want the effect of proximity to be independent of the affect of agreement.
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Figure 5.2 The principal axis of the votes collected at a site is taken as an
approximation of the preferred direction.
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It is easy to show how the model behaves when a single vector is added to it. As-
sume the variance-covariance matrix is as follows at state t:

(5.2)

The sum of the eigenvalues is the trace of the matrix:

(5.3)

Now adding a new vector  to the system will result in a new
state t+1:

(5.4)

Note that the angle θ has disappeared on the r.h.s. of (5.4). This means that the
sum of eigenvalues is independent of the orientations of the voting vectors and can
hence be used as an indicator of proximity (a wider sense of proximity of course), and
as a primitive saliency measure.

Equation (5.4) can obviously be written as:

(5.5)

Where N is the number of segments in the original image.
We define the eccentricity  as a measure of agreement. Obvious-

ly this value is between 0 and 11. Our intuitive notion of ‘agreement’, or of a majority
vote on a continuous scale, is consistent with the above definition. This means that in
all cases where we feel that collection A has better ‘agreement’ than collection B, the
corresponding eccentricity values will share the same relationship (i.e. E(A)>E(B)).
This is not to say that both functions are equal, but merely that both are monotonic.

Eccentricity values by themselves cannot perform as saliency measures since
sites with very little voting strength can produce high eccentricity values. In fact, con-
sider a site far away from where the ‘action’ is, which accepts exactly one vote (This
can happen in practice). The eccentricity value is 1, but the site is of no importance.

1. Since  and are both non-negative for a semi-positive definite matrix.
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However, Consider λmax itself. Obviously,

(5.6)

By (5.6) it is bounded from both sides by the proximity measure in (5.5) and has
the eccentricity coded into it: When the value leans towards the left side of (5.6), ec-
centricity is low and vice-versa.

Thus, λmax is chosen as the raw saliency measure in our scheme.

This choice however, may still amplify locations which are very strong in terms
of number of votes, but weak in eccentricity2. The product of E and λmax produces the
desired result, termed the enhanced saliency measure SM, or:

(5.7)

Thus, λmax-λmin is chosen as the enhanced saliency measure.

It is important to note that other functions of the eigenvalues can also satisfy the
same conditions of monotonicity, but the ones chosen seem to be the simplest possible
indicators of the desired behavior.

5.2.1.2  Detection of Junctions
A junction is defined as a salient point which also has a low eccentricity value.

Regular (non-junction) points along a curve are expected to have high eccentric-
ity values. On the other hand, junction points are expected to have low eccentricity,
since votes are accumulated from several different directions. By combining the ec-
centricity and the eigenvalue at a point, we acquire a continuous measure of the like-
lihood of that site being a junction. We redefine our previous definition of eccentricity
slightly, so that low eccentricity scores high, or:

(5.8)

The product of our new eccentricity measure and the raw saliency measure λmax
yields the junction saliency operator:

(5.9)

This process creates a Junction Saliency map. Interestingly enough, this map
evaluates to just  at every site (as shown in Equation (5.9)), which simply means
that the largest non-eccentric sites are good candidates for junctions. By finding all lo-
cal maxima of the junction map we localize junctions.

2. For example, accumulation points and junctions! (where )
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5.2.2  3-D fields

In the 3-D case we would like to treat three elementary features, namely, a
patch, a curve segment, and a point in space. A patch has a known 3-D normal, a
curve segment has all possible normals lying on a plane, and a point in space has ab-
solutely no directional data. We will construct a separate field for each of these fea-
tures.

5.2.2.1  The construction of the Patch Extension Field
We assume that a patch with a known normal is available, and we ask the fol-

lowing question: for a given point in space, what is the most likely normal to a surface
passing through that given point and also tangent to the original patch? Figure 5.3
illustrates that issue. It is clear that the desired normal at point p can be found by
looking at a 2-D scenario, where both the origin and point p are on a plane. This re-
duces the problem to a 2D one, where the 2-D Extension field can be applied. Thus,
constructing the 3-D Extension field is merely revolving the 2D Extension field
around its vertical axis. This is illustrated in Figure 5.4 . Note that unlike the 2-D
field, where each field element pointed in the direction of the most likely curve, in the
3-D case, each vector points in the direction of the normal at that location. This makes
later stages of computation much simpler.

5.2.2.2  The curve segment Extension Field
Here we deal with a primitive with partial information regarding the orientation

of a surface passing through it. All we know is that the given segment has to lie on
the desired surface. Again we ask the question: What is the most likely surface to pass
through a point p in space and have the segment at the origin lying on it? The answer
is very simple. A segment and a point in space define exactly one plane3. And since a

3. Except, of course, the points co-linear with the segment.

patch

p

Figure 5.3 What is the most natural normal to a surface passing through point p
and at the same time tangent to the patch at the origin?

most likely
normal to surface
at point p

x

y
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plane is the best surface in terms of the perceptual constraints, it is also the most like-
ly to appear.

A practical way of constructing this field is to take the Patch Extension field and
convolve it with a multi-directional patch4. This last operation is similar to revolving
the patch Extension field around itself along the x (or y) axis (referring to notation in
Figure 5.4 ). By symmetry considerations, it is simple to show that the resulting field
will have the correct orientations everywhere in space (as shown in Figure 5.5 ). This
construction also determines the strength values at every site of the field.

5.2.2.3  The 3-D Point field
The 3-D point field is even simpler to derive. The only thing in common to all sur-

faces passing through a point in space and the origin, is that the line connecting the

4. The 2-D point field was constructed by the exact same way from the 2-D Extension
field (in [63]).

Figure 5.4 The general shape of the 3-D Extension Field. The lower part is omitted
from the sketch, but is similar to the upper part. Field elements are normal to the
surfaces shown, and were also removed for display purposes.

patch
x

y

igure 5.5 The general shape of the curve segment field. All planes go to infinity, with
iminishing strength. The field elements are in reality normals to the drawn planes

x

y
curve segment
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two points is on all of them. However, in this case, there does not exist a single max-
imum likelihood normal. That is, at each point in space, many normals are equally
likely. Luckily, they all lye on a plane perpendicular to the line formed by the point in
question and the origin. We thus choose to describe the contribution of all these nor-
mals with a single 3-D vector pointing in the direction of the above line. We will later
show how such a voting vector is treated to determine saliencies.

5.2.3  Directional Convolution

The process of computing the saliency maps is similar to the 2-D case. We will
describe it here again for sake of completeness. Computing the Saliency maps can be
thought of as a directional convolution with one of the above fields (mask). The result-
ing map is then a function of a collection of fields, each oriented along a corresponding
short normal in 3-D. The whole operation is performed in a 3-D grid or array. Each
site accumulates the ‘votes’ for its own preferred orientation and strength from every
other site in the image. These values are combined at a site as described next.

When the input data consists of non-oriented features (e.g. 3-D points), a 2-pass
convolution was found to work best, first applying the point field in order to estimate
orientations, and then the patch Extension field, for the final results. The same pro-
cedure is performed if curve primitives are present in the input image.

5.2.4  Combination at each Site

Combination per site is really the process of choosing, for each site, the preferred
normal that will show up in the final saliency map. The 3-D case will be derived based
on the same methodology used for the 2-D scheme (as described earlier in this paper).

5.2.4.1  The 3-D case
Here we need to consider a 3x3 variance-covariance matrix, as shown in Equa-

tion (5.10), where λmax, λmid, and λmin signify the three sorted eigenvalues of the
system. (Note that the 3-D discussion assumes that normals to the desired surfaces
are doing the actual voting5!)

(5.10)

The three eigenvectors will correspond to the three principal directions of an el-
lipsoid in 3-D, while the eigenvalues describe the strengths and agreement measures
of the 3-D votes.

5. Except for the non-oriented case, which is discussed in a separate section.
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As before λmax is bounded on both sides by the sum of eigenvalues (which cor-
responds to raw strength) and at the same time encodes the eccentricity. When it
leans toward the right hand side of Equation (5.11), eccentricity is high and when it
leans toward the left hand side, eccentricity is low.

(5.11)

Thus, λmax is selected as a raw saliency measure for surface normals,
and the corresponding eigenvector determines the orientation of that nor-
mal.

To further enhance the measure we can require that the other two eigenvalues
be low compared to the λmax. This can be achieved by looking at the difference, λmax
- λmid. The expression will yield high values only when both λmid and λmin are
small. The most likely normal to the surface, is merely the eigenvector corresponding
to λmax.

The same logic holds for intersections between surfaces. Here, we would like to
look at λmid as a saliency measure. When it is high, so must λmax, and the location
is really characterized by votes coming from exactly two separate surfaces.

Thus, λmid is chosen as a raw saliency measure for intersection be-
tween surfaces.

Again, this measure can be enhanced by considering λmid - λmin. This last ex-
pression will exclude locations along intersection curves that belong to a higher-level
intersection(i.e. a junction). The direction of the curve is given by the eigenvector per-
pendicular to the two surfaces, or the one corresponding to λmin.

Lastly, we claim that large values of λmin will correspond to locations where
three (or more) smooth surfaces intersect, or a 3-D junction. It is clear that if λmin is
large, so are the other two. Three large eigenvalues describe a spherical distribution
of normals, meaning normals from many different orientations have voted for that
point in space.

λmin is thus chosen as the junction saliency map.

λmin λmid λmax+ +

3
--------------------------------------------- λmax λmin λmid λmax+ +≤ ≤
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The 2-D and the 3-D results can be summarized in Table 6:. The highlighted col-

umns emphasize a somewhat surprising correspondence between the cardinality of
the feature and the eigenvalues.

As usual, a disclaimer is in order. The above heuristic approach is by no means
the only (or the best) indicator of saliency. We believe that it is one of the simplest to
implement, is fairly intuitive, and proves to behave well as an indictor of saliency.

5.2.4.2  Combination per site for the Point field - 3-D case
when only 3-D points are available (no orientation), we first attempt to find a

maximum likelihood normal to those points, with the aid of the Point field. Again we
compute the 3 eigenvalues and eigenvectors, but a different interpretation is now
needed. Recall that we selected a vector lying along the two points to represent all
possible surfaces.

Recovering surface normals requires merely to select the eigenvector corre-
sponding to the smallest eigenvalue. This orientation will be the vector perpendicular
to the best plane described by the ellipsoid of votes.

In order for a certain location to be a good candidate for a surface, the votes have
to distributed in such a way that they create a “flat” sphere. This can obviously be
tested by looking at λmid - λmin. Large values of that term will indicate high likeli-
hood of a surface passing through the location.

The above procedure assigns orientations to the given set of input points. It
could also assign strength to points, thus reducing the influence of noise before the
second pass.

Unfortunately, it is impossible at this stage to recover intersections and junc-
tions from the computed maps. It is necessary to perform a second convolution using
the Patch Extension field, on the input data, which now has orientation data avail-
able. Obviously, the final results when a cloud of non-oriented points is given, are not
as good as with oriented input data.

Table 6: 2-D and 3-D results

Feature
2-D raw
saliency

2-D enhanced
saliency

3-D raw
saliency

3-D enhanced
saliency

Junction λmin λmin λmin λmin

curve λmax λmax - λmin λmid λmid - λmin

surface λmax λmax - λmid
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5.2.5  Noise tolerance

Similar to the 2-D case, the scheme is not sensitive to noise in the form of erro-
neous features, or localization errors of the measurements, since a voting scheme is
employed. Also, a priori distribution of noise is expected to be directionally uniform,
such that computed orientations are not corrupted. Saliency selectivity6, however,
could suffer when noise is present.

5.3  Results

We have generated some synthetic images to test our scheme. The first example
consists of two planes positioned in space as shown in Figure 5.6 . We randomly sam-
pled the planes of Figure 5.6 . Grid size was 50X50X50, each plane has ~100 samples.
Since 3D saliency maps are 4D in nature7, we thresholded (for display purposes) all
maps to a point where the 2D projection becomes legible, and small line segments de-
note the orientation at each site In practice one would like to follow the dense saliency
maps, and extract a description of each surface8. The task of following the surfaces
along the saliency maps was not preformed in this work. Figure 5.7  shows the salien-
cy maps for surfaces and curves. Note that the maps are dense now, and every site
contains a normal. Also, the orientation of the segments in the intersection map
(Figure 5.7  (b)) are pointing in the direction of curve.

6. i.e., the variance between figure and ground in the saliency maps.
7. Strength and orientation at each 3D site.
8. e.g. by a triangulation.

Figure 5.6 Input consists of randomly selected set of points lying on the two
intersecting surfaces. (a) A schematic model of input (The lighter line denotes
the intersection between surfaces). (b) Projection of input samples.

(a) (b)
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Figure 5.7 (a) surface saliency map. (b) Curve saliency map.

(a)

(b)
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Figure 5.6  describes a scenario with three intersecting planes. Figure 5.9
shows the three corresponding saliency maps. Both the surface map and the intersec-
tion map tend to decay toward the edges of our 3D space. This is due to the limitations

Figure 5.8 (a) A schematic model of input (The brighter lines denote the
intersections between surfaces, and the dot is the 3D junction). (b) Projection of

(a) (b)

Figure 5.9 (continued)(c) Junction saliency map.

(c)
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Figure 5.9 (a) surface saliency map. (b) Intersection saliency map.

(a)

(b)
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of our display and the application of a constant threshold to the data. Figure 5.10  de-
picts an example with curved surfaces. Here a sphere is intersected with a plane. As
before, the plane consists of ~100 measurements, and the sphere has about 200 mea-
surement points. Results are shown in Figure 5.9 .

5.3.1  Noise tolerance

We choose a simple curved surface to illustrate the noise immunity of the
scheme. A part of a sphere is chosen, and ~150 points are randomly selected on the
sphere, as shown in Figure 5.12 . We ‘sprinkle’ the space with an increasing number
of erroneous segments. The results in Figure 5.7  show the surface saliency maps with
125,250, and 375 additional random segments. It is easy to see that they virtually the
same. The input set with 250 noisy points is shown in Figure 5.12 (b) for reference.

Finally, we show an example where the input consists of a cloud of non-oriented
points, with a considerable amount of noise. Again a quarter of sphere is embedded in
noise. The sphere has ~200 data points, and ~100 noise points, as shown in
Figure 5.14 (a).

The first phase is to compute normals to the existing input points. This is done
by convolving with the 3D Point field. Figure 5.14 (b) shows the result of the first
phase. note that not only do the points have orientation vectors attached to them, but
many of the noise points have been attenuated. The second phase is the standard
Patch extension field convolution. The final result is shown in Figure 5.14 (c)l.

Figure 5.10 (a) A schematic model of input (The brighter lines denote the
intersections between surfaces). (b) Projection of input samples.

(a) (b)
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Figure 5.11 (a) surface saliency map. (b) Intersection saliency map.

(a)

(b)
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Figure 5.12 (a) Sample points of a quarter sphere centered at the origin.(b) Same
sphere embedded in 250 noisy points.

(a)

(b)
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Figure 5.13 (a) surface saliency map without noise. (b) with 125 noise segments.

(a)

(b)
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Figure 5.13 (continued) (c) with 250 segments. (d) with 375 noise segments.

(c)

(d)
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Figure 5.14 Results of saliency analysis

(a) Input Image

(b) With estimated normals and strength
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5.4  Conclusion

We have presented a method to recover surfaces, intersection between surfaces,
and 3-D junctions by applying perceptual grouping rules. The method presented is an
extension of a 2-D approach proposed earlier by the authors, and uses a non-iterative
and parameter-free algorithm. The method can handle scenes with any number of ob-
jects, each having an arbitrary genus number, without any a priori knowledge. In par-
ticular, an initial guess is not needed.

The complexity is O(n3k) in general, where n is the side size of the volume, and
k is the number of available measurements. Some practical short-cuts can reduce the
complexity further. The algorithm is highly parallel in nature, and as such can be eas-
ily implemented on a parallel machine.
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