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8  Triangular NURBS Surface
Modeling of Scattered Data

8.1  Introduction
Most research papers and software packages on scattered data modeling deal

with smooth surfaces only [138]-[140]; however, discontinuities abound: steep cliffs,
seafloor faults, electric shocks, seismic velocity fields, creases and corners on shapes,
etc. Marking discontinuities manually is very tedious and may become infeasible for
multidimensional data. Guy and Medioni [140] have implemented an automatic algo-
rithm for discontinuity detection and surface fitting, which produces dense triangular
meshes and discontinuity curves automatically from scattered data. In this paper, we
follow the same approach, but upgrade the triangular meshes to triangular NURBS
surfaces.

Triangular NURBS (TriNURBS) are rational generalizations of the triangular
B-splines [141,142,143,144,145], and overcome the shortcomings of tensor-product
NURBS (TP-NURBS) [146,147,148] but retain the good properties of local control, au-
tomatic continuity, convex hull, affine and projective invariance, completeness, etc.
TP-NURBS have a rectangular topology and thus require tedious trimming tech-
niques to handle pole artifacts and arbitrary boundaries; also, to obtain C1 continuity,
the TP-NURBS should be quadratic in terms of both parameters, so the total degree
is four (quartic), whereas TriNURBS can model arbitrary topology, and a total degree
of as low as two (quadratic) can maintain the C1 continuity; duplicate knots in TP-
NURBS will produce a discontinuity curve across the whole surface, while triangular
NURBS can produce discontinuity edges between any desired adjacent knots inside
the surface.

Our approach starts with a grouping stage to infer dense potential information
from the sparse data. In the second stage, a deformable triangular NURBS surface
coupled with active edges is dropped into the potential fields. We call the model
“winged B-snakes”. After adjusting the control points by a few iterations of energy
minimization, the surface (wings) flap to fit the data, and the edges (snakes) slide to
align with the actual edges in the data. Then in the third stage, values and derivatives
along each edge are checked, so that discontinuities can be detected and preserved in
constructing the surface. Finally the surface are fine-tuned and faired by adjusting
the weights. An introduction to triangular NURBS is given in Section 2. In Section 3,
we explain the principles of our surface reconstruction, with some experimental re-
sults given in Section 4. In the last section, we summarize the work and discuss our
future research.
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8.2  Triangular NURBS Surfaces
TriNURBS are defined over 2D domain triangulations, and Ck-1 continuity can be

achieved by k-th degree polynomials defined over the domain triangles. In our work,
we consider C1 surfaces using quadratic polynomials (k=2). Given an arbitrary trian-
gulation of the 2D domain, two additional points are added near each vertex of the
triangle [vi, vj, vk] to provide nine knots for each triangle (two adjacent triangles share
six knots). Then from the nine knots, five knots (including the original vertices vi, vj,
vk, plus two additional knots) are chosen to form a knot set. Six different knot sets are
chosen; and over each set, a basis function is defined.

A basis function B over the 5-knot set K can be defined recursively as follows:

where u is any point in the 2-D domain, a0, a1, a2 are related to the barycentric
coordinates of u w.r.t. any three knots v0,v1,v2; K\vi is the 5-knot set K minus vi, i.e.,
a 4-knot set. As the K\vi reduces to only 3 knots, a zeroth-degree B-spline basis func-
tion is obtained, which is a flat unit-height triangle:

It can be shown that three collinear knots will result in a crease edge while four
collinear knots will produce a step edge. If the nine knots are pulled apart and no col-
linear knots exist at all, each B-spline basis function automatically becomes C1. Lin-
ear combination of the six basis functions give rise to a local patch, and over the whole
domain triangulation (T triangles) a surface is obtained:

where X is a point (x,y,z) in 3D space, ct, b’s are the scaling factors to the basis
functions acting as control points (adjacent triangles may share 3D control points to
guarantee C0, or share their xy components but not z component to allow a step edge).
If a weight wt, b is associated to each control point, the above triangular B-spline sur-
face is extended to triangular NURBS surface:

Note that if all the weights are equal, the triangular NURBS specialize to trian-
gular B-splines; furthermore, if the three pulled-apart knots collapse to be duplicate
at each vertex, then the overlap/blend effect among adjacent basis functions disap-
pear, and thus triangular B-splines degenerate to triangular Bezier-splines, and the
automatic continuity property is lost.
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If the above domain is a triangulation of the surface of a unit sphere, a closed
TriNURBS surface is defined. The only difference is that the summation of three
spherical barycentric coordinates are not 1 anymore (it is usually greater than 1), and
that three or four knots on a same great circle will produce a discontinuity. Such a
spherical representation is very useful in geographical and other applications
[141][155][156]. Since the TriNURBS are defined over arbitrary triangulations of the
sphere, there are no pole artifact as in the TP-NURBS, and the continuity is automat-
ically guaranteed. The simplest case is the tetrahedron tessellation of the unit sphere,
in which as few as four triangles suffice to exactly model a sphere. By contrast, to cov-
er a sphere with rectangles, at least six rectangles (the faces of a cube) are required
to obtain the continuity, and a set of constraint equations have to be maintained.

8.3  Surface Inference
8.3.1  Grouping Stage

The goal of the first stage is to infer dense probability measures from the scat-
tered data, as described in the flow chart in Figure 8.1 . The input can be points, seg-
ments, or patches. In our work, we only use points. The details about the grouping
method can be found in [140].

The idea is to locally enforce the general constraints, which are co-surfacity,
proximity, and constancy of curvature. These constraints are encoded into a 3D vector
mask. Such a mask, when aligned with an input data site, associates a preferred di-
rection and strength to every voxel in a large volume of space around the input site.
By aligning the field with each input site, we produce, at each voxel location, a collec-
tion of vector votes. This voting information is then compressed into the second order
moments by the covariance matrix, graphically represented by an ellipsoid, or equiv-
alently, by three eigen-vectors. The eigen-values lmax, lmid, lmin are interpreted as three
saliency measures for surfaces, edges and junctions, and the eigen-vectors are used to
estimate the surface normals.

In more details, lmax- lmid is used as the saliency of a surface passing through a lo-
cation, since if lmax- lmid is large, lmax will be large and lmid is small, also lmin is small (since
lmin< lmid). Thus, there is only one strong vote group here, i.e., the consistency of votes
at this location is high. In other words, the probability of a real surface passing
through this location is high. Similarly, lmid - lmin is used as an edge saliency measure,
and lmin is used as junction saliency measure.

Note that this grouping methodology imposes no restriction on the number of ob-
jects, genus (topology), number of discontinuities, and the algorithm is non-iterative
and efficient. By negating the above three saliency measures, we obtain the potential
fields for surfaces, edges and junctions. The minimum potential locations of the three
potential fields indicate the existence of surfaces, edges and junctions, respectively.

The above voting procedures are performed for each voxel in a 3D grid, and they
can work for any number of surfaces of arbitrary topology. They even work for non-
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manifolds. The voting complexity is O(n3k) in general, where n is the side size of the
volume grid, and k is the number of data points.

8.3.2  Patch Deformation an Edge Alignment
From the surface potential field, a triangular mesh can be traced out by the

“marching cube” algorithm [163]. Different from the standard marching cube algo-
rithm, the surface to be traced out is now the minimum-potential surface or zero-de-
rivative surface of the potential field, instead of the iso-surface of the potential values.
Similarly, the discontinuity curves and junctions can be traced out by marching meth-
ods also. However, the mesh is quite dense with each facet being a triangle; the edges
and junctions are traced out from separate fields and are not integrated into the sur-
faces.

Our goal is to obtain a sparse curved surface representation, with the disconti-
nuity edges and junctions preserved in the surfaces. We drop a triangular NURBS
surface into the potential fields, and deform the surface to reach minimum energy.
Different from previous work, we couple the deformable surface model with the active
edge model, so that a fitted surface together with aligned edges will be obtained, and
the result gives a compact integrated representation from the three potential fields.
Since each surface patch can deform and its edges can slide, we call our model “winged
B-snakes”.

We define the energy E for the winged B-snakes as follows:

pre-processing

vote accumulation

vote interpretation

oriented patches points curves

estimating normals
estimating likelihood

oriented patches

vector convolution and
combination. Encodes:
proximity
co-surfacity
constancy of curvature

computing saliency maps
from eigenvalues and
eigenvectors of the
voting central moments.

surface
saliency map

curve
saliency map

junction
saliency map

dense
moments map

Figure 8.1 Flow chart of the grouping stage
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where w1, w2, and w3 are coefficients to balance the effects of the three types of
energy, and are chosen by normalizing the above four terms to be 1 : 20 : 5 : 5 before
the start of minimization. They bring the four terms to comparable orders of magni-
tude, and the minimization results are stable with their variations. We adjust the con-
trol points to minimize the total energy.

(1) Surface Smoothness Energy

Although each triangular patch is a quadratic polynomial which is always con-
tinuous, we still need the smoothness energy to minimize the mesh roughness. The
smoothness energy is defined in terms of the first-order right-hand derivatives:

where the summation is over all triangles and (x,y,z), and the integration is over
the barycentric coordinates (u,v) within a triangle. Since the goal of this stage is main-
ly surface fitting, we simply use the above membrane energy. The more costly thin-
plate energy based on curvature or second-order derivatives is used in the final subtle
modification and fairing stage.

(2) Surface Fitting Energy

Inside the surface potential field, the surface patches (wings) flap to reach the
local minimum. If the triangle edges cross-over the actual discontinuity edges, the
surface energy becomes large; when the edges move to align with the actual edges, the
surface energy is reduced. However, we found that the surface energy makes the edg-
es move a little bit, but is not strong enough to pull them to exactly align with the ac-
tual discontinuity edges. This is why we shall introduce an explicit edge alignment
energy to make the edges become “active” by themselves.

(3) Edge and Junction Alignment Energy

Inside the edge potential field, the triangle edges (snakes) can slide to the local
minimum so that the triangle edges may align with the actual discontinuity edges,
instead of crossing over them. Also, the triangle vertices can move to the local mini-
mum in the junction potential field, making the vertices align with the inferred junc-
tions. Such alignment significantly reduces the total energy or cooperatively improves
the surface fitting precision, and we thus do not have to subdivide the triangles into
many tiny ones to obtain a good fitting due to the misaligned edges and junctions as
in most previous methods.

8.3.3  Building C1 Surfaces with Edges/Junctions
After the surface patches have been fitted to the data, and the edges and junc-

tions have aligned with actual ones, the detection of discontinuity edges and junctions
from the surface is straightforward. We simply need to check the value/derivative dif-
ferences along the boundary between every pair of adjacent triangles. We normalize
the differences by the total area of the pair of triangles. Such locally adaptive thresh-
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olding works well. We then check the change of angles between adjacent edge seg-
ments along the detected edges, and those vertices with sharp changes are marked as
corners, and those with more than two neighbors are marked as junctions. To build
the C1 smooth surface while preserving the edges and junctions, we pull apart the
knots in the continuous regions, and allow knots to be duplicate or collinear/co-circu-
lar to respect edges/junctions (at first all three knots are duplicate at each vertex).
With the new knot configuration, we adjust the control points once more.

8.3.4  Fine-tuning/Fairing by Adjusting Weights
In the above fitting and alignment procedures, we never adjust the weights. The

reasons are that we want to exploit the descriptive power of control points as much as
possible; there exist much redundancy in the weights (scaling of weights does not
change the shape at all), so leaking information to the weights is not desired. Also,
adjusting too many parameters is difficult for the minimization routines. We tested
adjusting the weights at the same time as moving the control points, the deformation
and alignment slow down from 10 minutes to 30 minutes; more memory is also needed
for the Hessian matrix in the minimization routine. Due to the ct, b.wt, b multiplication
terms, the minimization becomes non-linear. After some experimental tests, we found
that if the initial guess is very good, simultaneous adjustment results in a little im-
provement (about 1~5% further reduction of the total energy), and that if the initial
guess is not good, the residual energy may even be larger! Including knots in the min-
imization makes the situation even worse, since the knots are buried in the quadratic
basis functions. In summary, it seems that adjusting control points and weights si-
multaneously is not always better, or is not worth the cost, even if it can bring slight
improvement.

We use the thin-plate energy as the surface fairness measure, which is based on
the second-order derivatives. The energy for fine-tuning and fairing is defined as

where the coefficient c is chosen such that the two terms are normalized to 1 : 5
before the minimization starts. Since the surface-fitting has been done in stage 3
where the smoothness/fitting ratio is 1 : 20, we can now use smaller ratio (1 : 5). To
minimize this energy, only small changes of weights are necessary, and we did not ob-
serve negative weights occur in our experiments. Initially all weights are 1’s, then lat-
er they stay between 0.5 ~ 10. We did not use a negative weight penalty term, such as
{min(0, wt, b)}2.

8.4  Results
Figure 8.2 (a) is the shaded display of a dense range image of a pyramid, (b) is

the randomly sampled data (400 points) for use in our experiment. (c), (d), (e) display
the three volumetric potential fields for surfaces, edges and junctions, respectively
(only voxels with potentials below a threshold are displayed). This stage runs for
about 10 minutes on a SUN Sparc 10, using three 50x50x50 arrays.

E Esurface f– airness c E⋅ surface fit–+=
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To obtain an initial surface, we regularly split the bounding box of the data
points into rectangles and then split each rectangle into two triangles along a diago-
nal. Which diagonal is chosen depends on which one yields smaller surface fitting en-
ergy within this rectangle. Such an initial surface is shown in Figure 8.2 (f) with
misaligned edges and junctions.

Due to the model’s local control property, a control point only affects a triangle
and its surrounding triangles, so it is reasonable to justify that a local minimization
may not sacrifice the global optimality. In our implementation, we adjust only a tri-
angle and all its neighboring triangles at a time, and then move to the next triangle.
We use the Levenberg-Marquardt algorithm with numerically estimated gradients.
Figure 8.2 (g) shows aligned/detected edges and junctions after adjusting the control
points. (h) is the C1 surface with edges and junctions preserved by pulling apart or set-
ting collinear knots then adjusting the control points again. Finally, (i) gives the re-
sult after the fine-tuning and fairing by adjusting the weights. We can see that the
edges in (i) are sharper than (h), which indicates the effectiveness of adjusting the
weights for final-stage subtle improvement. The three stages for reconstruction from
the potential fields run for about 10 minutes on an SGI/Indigo.

To test the triangular NURBS defined over a unit sphere, we add some samples
at the bottom of the pyramid to make it a closed surface, as shown in Figure 8.3 (a).
A triangular tessellation of the unit sphere is given in (b) by subdividing and flipping
the diagonals on the faces of a unit cube. The initial surface is specified by a sphere
enclosing the data set. After the surface fitting and edge alignment, the C1 result with
preserved edges and junctions is shown in (c). Then, (d) gives the final result after
fine-tuning and fairing by adjusting the weights. Every triangle is treated equally,
and no pole artifact regions exist at all. This demonstrates the major advantage of
TriNURBS over TP-NURBS for modeling spherical data. Previous work using TP-
NURBS had to tolerate the pole degeneracy, or use two or more pieces of surfaces and
then glue them together.

Figure 8.4 (a) is the shaded display of the range image of an airplane, and (b)
shows 900 scattered samples. We apply a Delaunay triangulation algorithm [28] to
the scattered data and produce the initial triangular mesh (c), in which some triangle
edges severely misalign at the boundary between the wing and the body as seen from
the zoomed display in (e). After surface fitting and edge alignment, the edges of the
spline triangles align with discontinuity curves in the data and can be detected as
shown in (f). Finally, fine-tuning and fairing is performed to give the result in (d). Note
that the whole surface is a single quadratic TriNURBS mesh. By contrast, if TP-
NURBS were used, we would have to trim a rectangular bi-quadratic (quartic) surface
into the airplane shape, or stitch-up several surface pieces; both methods are tedious.

Figure 8.5 (a) shows the intensity image of a plaster tooth and (b) shows 650
points measured on it. We regularly subdivide a sphere into 720 triangles as the ini-
tial surface. A top view of the final C1 surface with detected and preserved edges is
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given in (c). Another view is given in (d). In dental CAD/CAM, preserving the sharp
edges on a tooth is very important, otherwise an upper tooth cannot align tightly with
the lower tooth; on the other hand, the sides of the tooth must be smooth, or else the
machined crown cannot be put on a specific patient’s tooth. Our winged B-snakes rep-
resented with TriNURBS seem very promising for smooth surfaces with embedded
discontinuities. We are working on merging the triangles in smooth areas for model
simplification; also we are starting to work on more complicated objects, such as me-
chanical parts and medical CT/MRI data of human brains and organs.

(c) (d) (e)

(f) (g)

(h) (i)

(a) (b)

Figure 8.2 Open pyramid
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8.5  Conclusions
In this paper we have proposed a new scheme for modeling and visualizing

sparse noisy scattered data that may contain unspecified discontinuity edges and
junctions. At first, we use a vector voting technique to infer dense surface/edge/junc-
tion potential information. Then we drop a quadratic triangular NURBS deformable
surface coupled with active edges in the inferred potential fields. After some energy
minimization iterations by adjusting the control points, the discontinuity edges and
junctions are automatically aligned and detected, and then preserved by setting the
knot configurations in constructing the final C1 smooth surface. For tasks with high
precision requirements, fine-tuning and fairing the surface by further adjusting the
weights are also necessary.

In this paper we only describe open surface and spherical surface modeling from
scattered data. We are in the process of extending TriNURBS to arbitrary topology:
first trace out the topology information (a dense triangular mesh) from the potential
volume fields using the Marching-cube algorithm [163], then perform mesh reduction
and surface-fitting/edge-alignment, finally construct a G1 overlap/blend TriNURBS
surface with preserved discontinuities [165], which is an adaptive and multiresolu-
tion representation.
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