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Abstract

We present a method for matching curves which accom-
modates large and small deformation. The method preserves
geometric similarities in the case of small deformation, and
loosens these geometric constraints when large deformations
occur. The approach is based on the computation of a set
of geodesic paths connecting the curves. These two curves
are defined as a source area and a destination area which can
have an arbitrary number of connected components and dif-
ferent topologies. The applicativeframework of the presented
method is the study of the crustal deformation from a set of
iso-elevation curves. An experiment with real curves demon-
strates that the approach can be successfully applied to char-
acterize deformation of Digital Elevation Models.
Keywords: Curves matching, motion analysis, geodesic dis-
tance computation, Eulerian formulation, geometric proper-
ties.

1 Introduction

The use of remote sensing data to study natural phenom-
enais increasing and represent a new trend in computer vi-
sion. Indeed, most of natura phenomena can be monitored
through a dedicated remote sensing device and usualy in-
volves processing of large image sequences. In this paper
weare particularly interested in studying and measuring earth
crustal deformation from a Synthetic Aperture Radar (SAR)
image sequence. SAR dataallow to create aDigital Elevation
Model (DEM) by unwarping theinterferometricimage gener-
ated from a pair of acquisitions. Moreover, using more than
two SAR images and aDEM of the studied site, we can also
derivedifferential interferometric images which represent the
observed surface deformation [6]. However, such images are
corrupted with noise and are difficult to use and therefore a
more reliable approach consists in characterizing crustal de-
formation from the DEM of the monitored site.

In this paper we propose a new approach for studying the
crustal deformation based on a characterization of the defor-
mation from the DEM available before and after an earth-
guake. The proposed approach is based on matching features
extracted fromthetwo DEM. We use a poi ntwisetracking ap-
proach to match these structures. More precisdly, the defor-
mation between the two sets of feature pointsis characterized
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through a set of paths connecting the feature points. This ap-
proach accommodates for large and small deformationsin or-
der to preserve geometric similaritiesin the case of small de-
formation and loosen the geometric properties when large de-
formation occurs. Such an approach alowsto merge, inasin-
glescheme, the methodsbased on invariant geometrical prop-
ertieswhich apply in the case of small deformation and those
dealing with large deformation.

1.1 Previous Works

Studying the evolution of structures represented through
their boundaries requires to match each point belonging to
these curves. The deformation of the structureisthen infered
from this point to point matching. Several issues have to be
addressed such as the definition of feature points which will
be used as landmarks and the definition of the matching func-
tion that defines the conjugate pairs of points.

Points of high curvature are commonly used as feature
points. Indeed, in the case of rigid, affine or small elastic de-
formation [4, 9] the high curvature points or semi-differential
invariants [11] can be considered as invariant description of
the curves. Theseinvariantsare matched according to the na
tureof the deformation throughthe use of an appropriatesimi-
larity measure. The output of such approachesare a set of con-
jugate pairs of pointsbel onging to the matched curves. These
approaches fail in the case of non parametric deformations or
deformations of large amplitude. Moreover, in some situa
tionsthe description of the structuresto be matched cannot be
obtained easily. Indeed, these methods rely on a good repre-
sentation of the structures and have poor performances when
acurve contains cornersand cusps, or when acurve cannot be
parameterized by asingle smooth function.

A second issue in curves matching is the topology of the
studied curves. When these curves have different topol ogy,
most of the methods fail since they assume implicitly that the
surface generated by the curves does not have singular points
or saddle points[1, 11]. Such singularitiesare observed when
matching curves which undergo a large deformation.

1.2 Matching Curvesof Arbitrary Topology
In this paper we propose an extension of the approach pre-

vioudly proposed by Cohen et al [5] and based on the compu-
tation of aset of paths connecting thetwo structures. The key



point of the method is the computation of the set of geodesic
paths The curves are defined as asource area S and adestina
tionarea D. Matching thesourceand destinationareasisdone
through the computation of paths connecting these regions.
These paths are defined on a graph surface and minimize a
cost function which measures the similarity between the two
areas. Thisapproachisparticularly attractiveintheabsence of
areliablegeometrica information and allowsto match curves
which undergo alarge deformation or curves with a complex
and variabl e topol ogy.

Our geodesi c approach allowsto takeinto account geomet-
rical propertiesof the matched curves when asmall deforma-
tion is detected and use geodesic distance maps simultane-
oudly for large deformation. This approach gives considera-
tion to large and small deformation in order to preserve geo-
metric similarities in the case of small deformations and re-
lax these geometric constraints when large deformations oc-
cur. Such an approach alowstomerge, inasingleframework,
the methods based on invariant geometrical propertieswhich
apply inthe case of small deformationsand those dealingwith
large deformations.

The structures to match are defined as a source area .S and
adegtination area D. A geodesic distance map is derived for
each of these areas as described in section 2. These maps
are used to derive asimilarity measure allowing to match the
source and destination area. The geodesic maps naturally de-
pend on the graph surface on which they lie. A description
of different possible graph surfacesisgivenin section 3. The
definition of the graph surface can be more eaborate in or-
der to take into account the geometric properties of the struc-
turesto match. Section 4 describesthesel ected approach. The
geodesi ¢ paths matching these structures are computed using
aloca minimization of the similarity measure. This step is
described in section 5. In section 6 an experimental result ob-
tained oniso-elevation curvesillustratesthat the approach can
be successfully applied to characterize crustal deformation.

2 Geodesic Distance Computation

Given agraph surface 7 = (x,y, z(z,y)), and a set of
pointslying on the graph surface Z and represented through a
level set equation 1 (0) thegeodesic distance map fromthis
set of pointscan be derived by solving thefollowing propaga
tion equation [7]:
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Thisscheme allowsusto computeeasily the geodesic distance
map throughacontrol of the speed function of thepropagation
according to the graph surface geometric properties reflected
by the parameters a, b and c. Indeed, the speed function con-
trolling the propagati on equation (1) combinesthefirst funda
mental forms of the graph surface Z and of the surface ¢.

The initia estimate ¢, corresponds to the level set repre-
sentation of the set of pointslying on the surface Z. Thisim-
plicit representation hasto satisfy thefollowing requirements:
theinitial estimate hasto be smooth, negativeintheinterior of
the domain defined by the boundary ¢ * (0) and positive oth-
erwise. Computingsuch aninitia estimate can be doneeasily.
Indeed, one can useasigned distance computation [3] inorder
to satisfy the previous requirements. The following function,
defined by:

—d(x,y) if (z,y) € interior of vy ' (0)
polz,y) =4 0 if (x,y) € p5(0)
d(z,y)  if (z,y) € exteriorof o5 '(0)
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can be used as an initia estimate for solving the propagation
equation (1).

Givenagraph surface 7 andtheinitia estimate ¢, (eg. (2))
on thissurface, equation (1) characterizes the distance map on
thelgraph surface 7 of the area which boundary is defined by
vy (0).

A solution of equation (1) can be obtained through a nu-
merical schemes used for Hamilton Jacobi equations. We
have used an explicit tempora scheme, whilethe spatial gra-
dients are derived through a finite difference approximation
and the minmod method which selects the smallest slope be-
tween the forward and backward derivatives|[5, 7, 10].

Describing the set of points lying on the surface 7 using
alevel set equation alows us to modd curves with different
topol ogiesor structureswithisolated pointsor cusps. Further-
more, such a formulation insures a good numerical stability
and accuracy.

Recently, Cohen et al [5] introduced a new method for
pointwise tracking of structures by matching their contours.
The deformation between two tempora occurrences is ob-
tained through a set of tragjectories provided by the matching
process. The method is based on the computation of a set of
paths connecting the two curves to be matched. Each path
minimizes a cost function which measures the loca similar-
ity between the starting and ending pointsof the path. Anim-
portant issue of the approach proposed in [5] is the definition
of the graph surface on which are computed the geodesic dis-
tance maps. In section 3 we describe different graph surfaces
that can be used and extend, in section 4, the work presented
in[5] by defining anew graph surface taking into account lo-
cal propertiesof the curvesin the matching method.

3 Definition Of The Graph Surface

Matching two sets of points or two structures using a
geodesic distance map approach, requires that the geodesic
distance maps associated to each set of points, the source S
and the destination D, have to be computed using the same
graph surface 7. Henceforth, the the source S and the desti-
nation D points must lie on the same graph surface 7.

We will now give two definitions of such a graph surface
and illustrate the different results on synthetical data. Let
first denote by S = (z,y, po(2,y)) the source area, D =



Figurel: Aplot of the structuresthat have to be matched. The
first structure composed of thecirclesismatched toan ellipse.

Figure 2: The graph surface Z associated to the circles and
the élipse derived fromeq. (5).

(z,y, ¥o(x,y)) the destination area and Dy and Dp denote
the geodesi ¢ distance maps obtained by solving equation (1).
These maps are defined by the equations:

Ds = {(x,y, ¢(x,y))} (3

and,

Dp ={(z,y,¢(x,y))} 4

where ¢ and « are respectively the solutions of equation (1)
with initial estimate ¢, and . The ¢ and « functions rep-
resent the distance maps on the graph surface 7 of the source
and destination aress.

Defining agraph surface Z such that the two initia curves
o and 1y lye on the same surface can be done easily using
the minimal value of the distance or the product of the dis-
tance maps. In both cases, the initials curves are zero level
set curves of the new graph surface. The following equation:

©)

defines a graph surface on which the source and destination
areas are zero leve sets. This surface preserves the distance
map and represents, at each point, the distance to the nearest
structure.

Another graph surface can be obtained using thefollowing
definition:

7= (l‘,y,z(l‘,y)) = (l‘,y, mln(|300|a |1/)0|))

Z = (z,y,2(z,y)) = (x,9, |polltol) (6)

Figure 3: The graph surface Z associated to the circles and
the élipse derived fromeqg. (6).
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Figure4: Pathsconnecting thetwo structures derived fromthe
graph surface defined by equation (5).
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In this second definition, the distance maps are altered and in-
troduce some geometric changes in the graph surface which
are not related to the geometric properties of the structures
to be matched. These artefacts are displayed in figure 3 are
mainly duetotherelativedistance between the structuresto be
matched and do not reflect any shape properties of the curves.

These two definitions are illustrated on a synthetic exam-
pledisplayedinfigure 1. In thisexample we match an ellipse
with two circles. The graph surface Z defined by the mini-
mal distance or the product of the distance are shown respec-
tively infigures 2 and 3. Naturally, the geodesic paths match-
ing the two structures vary according to the graph surface on
which they are computed. We display in figure 4 and 5 the
matching obtained by considering, respectively the graph sur-
face defined by equations (5) and (6). We can observethat us-
ing thegraph surface defined by (6) changes considerably the
paths due to the shape of the graph surface displayed in fig-
ure 3. The properties of the graph surface defined by (6) are
not suitable for a matching method since the graph surfaceis
more dependent on the euclidean distance map of each struc-
turerather than the rel ative distance between these structures.
We will therefore, use in the following the graph surface de-
fined by eguation (5).

4 Modeling Geometric Properties

In the previous definitions of the graph surface, the geo-
metric propertiesof thecurvesto bematched arenot takeninto
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Figure5: Pathsconnecting thetwo structures derived fromthe
graph surface defined by equation (6).

account. These definitions are based on the distance maps of
each structure regardless of itsloca properties.

In this section we define a new graph surface which adapt
itself to large and smal deformations in order to preserve
geometric similarities in the case of small deformations and
loosens these geometric constraints when large deformations
occur. Such an approach alowsto merge, in asingle frame-
work, the methods based on invariant geometrical properties
which apply in the case of small deformation and those deal-
ing with large deformation.

This more elaborate definition of the graph surface also
takes into account the geometrical properties of the curves.
For example, we can use the curvature informationin a small
neighborhood of the source and destination areas. Within
thisnelghborhood curvatureinformationisrelevant sinceonly
small deformation occurs and their curvature measure may be
used to strengthen the matching of similar points.

We characterize the loca properties of the structures
through the principal curvatures ks and kp of the surface S
and D respectively. In the case of small deformation we want
the graph surface 7 to reflect the similarity between points
having a similar principal curvatures. This property will be
down-weight as the distance increases. For that purpose, we
use the following graph surface

) (ks —kp)?
7 = 1-—
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where W defines the size of the neighborhood on which the
geometric properties have to be taken into account. The prin-
cipal curvature is defined by the following equation:

O+ K
== ®)

where H and K arerespectively themean curvatureand gaus-
sian curvature of the surface defined by the following equa-
tions:

k

(1+ 0% +07)°/

(9)
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Figure 6: Robust error norm p and its derivative.
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The definition of the graph surface given by equation (7)
rely on the robust error norm p defined by:

K (10)

l,Z

d)=1— ————
plz,d) 1+ d*x?% /o

(11)

where o isascale parameter. Indeed, the graph surface (7) is
given by the following equation:

Z = (z,y,min (pop(ks — kp, o), Yop(ks — kp, 1/)0)()) )
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The use of such a function (displayed in figure 6.a with
d = 1) to measure the similarity of the geometric properties
allowsreject or down-weight largedissimilarities. A set of ro-
bust error functions having the same behavior can be found
in [8]. The derivative of this function (figure 6.b) character-
izestheinfluence of residuas[2]. Asthedissimilaritiesgrow,
the function p decreases and the function p approaches zero.
In equation (7), we also make use of the Euclidean distance
maps ¢, and 1, in order to define the range over which the
curvature similarity is considered. Indeed, when the distance
islarge, the function p approaches one and therefore only the
distance to the nearest point is taken into account in equa
tion (7). The graph function defined by equation (7) then con-
verges to the one given by equation (5). The definition of the
graph surface given by equation (7) alowsto dea with large
and small deformationsin order to preservegeometric similar-
itiesin the case of small deformation and down-weight these
geometric propertieswhen large deformation occurs.

5 Defining The Optimal Paths

The matching method is based on the computation of a set
of paths connecting the two curvesto be matched. Each path
minimize a cost function which measures thelocal similarity
between the starting and ending points of the path. Conse-
guently, the definition of a similarity measure amountsto lo-
cally define a cost functionwhich relates the starting and end-
ing pointsof amatching path. The cost dong apath p starting
at apoint X5 and ending at X isdefined by:

Xp

flz,y)ds
Xs

Clpxs) = (13)



where f isacost function, measuring the similarity between
the points X and X whichisthefirst point of the area D
attained by the path px ..

The cost function f has to characterize the similarity be-
tween thetwo curves. Furthermore, the matching between the
source and destination area has to be symmetric in the sense
that the source and destination areas may be inverted without
changing the matching paths. Thismeans that if f)?j denotes
the optimal path connecting the points X5 and X, we have
the property: 552 = p%5 . Fulfillingsuch a property restricts
the choice of thecost function f, sinceit must define asimilar-
ity measure which depends only on the source and destination
areas independently of the order inwhich they are considered.

We use the following cost function:

f(z,y) = e(z,y) + (2, y) (14)
where and + arethebivariatefunctionsdefining thedistance
maps Ds and Dp. Thisfunction alows to compute at each
point of the plane the minimal distance on the surface Z de-
fined by equation (5) to the nearest region .S or D.

Defining the matching paths connecting the two areas
amountsto characterize for each point X ¢ onthefirst curvean
optimal path p°P* connecting this point to an unknown point
X p onthe second curve. Thisoptimal path is defined by:

C(pitL) = ming Clpxs). (15)

Such an approach is not straightforward, since we have to
compute al paths connecting the point X ¢ to the destination
area D and then select the one with minimal cost. It is nu-
merically expensive and one has to store all the paths before
selecting the one with minimal cost value. Instead, we use a
property of the graph surfaces Ds and Dp which relates the
equa distance contour to minimal paths: these minimal paths
are orthogonal to equal distance contours. Given a starting
point X s, thisproperty defines arobust method for character-
izing the path of minimal cost connecting this point to a point
belonging to the destination area: such apath ischaracterized
through its tangent vector. Since the equal distance contours
are level setsof themap Ds + Dp, the tangent vector is de-
fined by the gradient of the cost function:

Vf=Ve+ Vi

This approach gives a reliable path construction scheme:
given a point X s on the source area, move this point in the
opposite direction of the gradient of f until reaching a point
on the destination area. The result is the minimal cost path
connecting the two areas and starting at X 5. This path is de-
fined by the parameterized curve p(s) suchthat: p(0) = X5,
p(1) = Xp and

op
% = —V(DS —|—DD)

where X € o571 (0) isgivenand X € +7 ' (0) isunknown.
Thisschemeisillustrated in figures 4, 5 and 9.

Figure 7: A plot of the iso-elevation curves taken before and
after the eruption.

6 Experimental Results

The applicative framework of the presented method isthe
study of the crustal deformation from SAR image sequences.
These images alow to derive DEM of the site and are there-
fore very useful for studyingthe crustal deformation sincewe
can use two DEM, before and &fter the event, which reflect
the deformation. This deformation is then studied by match-
ing iso-elevation curves extracted from the two DEM.

Figure 7 illustrates the i so-el evation structures considered
in studying the crustal deformation after Vatngjokull, Eu-
rope’s largest glacier, eruption. The eruption melts the ice
abovethefissure, and adepressioniscreated intheglacier sur-
face, up to 2-300 m deep and 2 km wide.

The structures shown in 7 represent the source and desti-
nation areas to be matched. This example isvery interesting
since, we have simultaneously: large deformations at specific
locations, small deformations, structures which are not con-
nected and having different topologies. Moreover, the geo-
metric properties are significant since they correspond to ter-
rain features that should be preserved in the case of smal
deformation. The matching paths are displayed on figure 9.
These paths do not intersect one with another. Furthermore,
moving the blue particles a ong these paths gives usaway to
synthetically create the temporal occurrences in between the
source and destination structures.

7 Conclusion

We presented a curves matching method alowing to take
into account geometrical properties of the matched curves
when asmall deformation isdetected and to use geodesic dis-
tance maps for large deformation. This approach, based on



Figure 8: Cost function derived from the two iso-elevation
curves to match

arobust error norm, accommodates large and small deforma-
tions in order to preserve geometric similarities in the case
of small deformation and loosens these geometric constraints
when large deformations occur. Such an approach allowsto
merge, in a single approach, the methods based on invari-
ant geometrical properties which apply in the case of small
deformation and those dealing with large deformation. Fur-
thermore, the presented approach performs well in situations
where we simultaneously have: large deformation at specific
locations, small deformation, structures which are not con-
nected and having different topologies.
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