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Abstract

We describe an effective and novel approach to infer sign and
direction of principal curvatures at each input site from noisy
3D data. Unlike most previous approaches, no local surface
fitting, partial derivative computation of any kind, nor oriented
normal vector recovery is performed in our method. These
approaches are noise-sensitive since accurate, local, partial
derivative information is often required, which is usually un-
available from real data because of the unavoidable outlier
noiseinherent in many measurement phases. Also, wecan han-
dle pointswith zero Gaussian curvature uniformly (i.e., with-
out the need to localize and handle them first as a separate
process). Our approach isbased on Tensor Voting, a unified,
salient structure inference process. Both the sign and the di-
rection of principal curvatures are inferred directly from the
input. Each input is first transformed into a synthetic tensor.
A novel and robust approach based on tensor voting is pro-
posed for curvature information estimation. With faithfullyin-
ferred curvature information, each input elipsoid is aligned
with curvature-based dense tensor kernels to produce a dense
tensor field. Surfacesand crease curves are extracted fromthis
dense field, by using an extremal feature extraction process.
The computation is non-iterative, does not require initializa-
tion, and robust to considerableamountsof outlier noiseasits
effect isreduced by collecting a large number of tensor votes.
Qualitativeand quantitativeresultson syntheticaswell asreal
and complex data are presented.

1 Introduction

Curvature information gives a unique, viewpoint indepen-
dent description for local shape [1]. In differential geometry,
itiswell known that a surface can be reconstructed up to sec-
ond order (except for aconstant term) if the two principal cur-
vatures at each point is known, by using the first and second
fundamenta forms[4]. Therefore, curvature information pro-
vides a useful shape descriptor for various tasks in computer
vision, ranging from image segmentation and feature extrac-
tion, to scene anaysis and object recognition. A previous ef-
fort [10] proposes a procedure for integrating smooth surfaces
and junction curves. While good results are obtained, without
the use of explicit curvature information, arather complex co-
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ordination process among detected features needs to be imple-
mented. Here, the contribution of this paper istwofold:

¢ A robust method is proposed for the accurate estimation
of sign and direction of principa curvatures. Experiments are
performed on synthetic and real datawith large amount of out-
lier noise (as much as 500% noise, i.e., oneout of Six pointsis
good).

e By using explicit curvature information, the process of
integrating smooth surfaces and junction curves can be sim-
plified (c.f. [10]), since we know which side w.r.t. each es-
timated surface normal (oriented or not) the surface to be in-
ferred should locally curve to. This alows tensor votes to
propagate in the proper and preferred direction.

When considered alone, our curvature estimation can bere-
garded as a plug-in to other applications, which labels each
datapoint aslocally planar, dliptic, parabolic, or hyperbolic, at
adiscontinuity or anoutlier. Itrunsfast, in O(nk) timewheren
isinput size and k is neighborhood size (adetailed complexity
analysisisfoundin[10], which also applieshere since our cur-
vature estimationisal so implemented as tensor voting). When
used as described in this paper, it provides a stronger mathe-
matica basisto integrate smooth surfaces and junction curves,
or surface orientation discontinuities.

1.1 Previous Work

A detailed treatment of curvature can be found in a classi-
cal differential geometry text by do Carmo [3]. Despitethe ex-
tensive study on recovery of curvatureinformationfrom range
data and other data sources, results are till not satisfactory.
Onetechniqueinvolvesfitting alocal surface patch, and com-
puting partia second order derivatives from it [2, 8, 9, 14].
Derivative computation is unstable in real data, and the es-
timated curvature is thus very noise-sensitive. Another ap-
proach recovers principal curvatures and direction from range
data, by collecting four directiona curvatures at 45° apart [4].
Unfortunately, these directiona curvatures also rely on accu-
rate, local first and second order partial derivatives, which are
often unavailablein real data.

Another methodol ogy involvesrecovery of surface normal
vectorsfrom thedata, and then usually followed by alocal sur-
face patch fitting. With norma information, a better fit, and
thusabetter curvature estimate, may be obtained. Shi et a. [9]
diagonalize a scatter matrix for normal estimation from a set
of sampled surface points. A least square process for fitting



alocal quadric patch is then followed. Unfortunately, param-
eterizing such local patch requires that the orientation of the
estimated normal s be consi stent throughout the whol e surface,
which is either unavailable, or has to be estimated separately.

Rather than numerically computing curvature information,
another approach involves estimation of the sign of Gaussian
curvature. For example, Angelopoul ouand Wolff [1] compute
the sign of Gaussian curvature, without surface fitting, loca
derivative computation, nor norma recovery. Sign of Gaus-
sian curvature is determined by checking the relative orienta
tion of two simple, local closed curves (one from the surface
and one from its corresponding curve on the Gaussian sphere)
is preserving or otherwise reversing. However, zero Gaussian
curvature areas need to befirst located in a separate process.

Empirical analyses on curvature estimation are reported in
literature. The classical paper by Flynn and Jain [5] evalu-
ates five methods of curvature estimation. The conclusion of
the experiments performed by Trucco and Fisher [13] agree
with [5]: qualitative curvature properties (e.g. sign of Gaus-
sian curvature) can be more reliably estimated than quantita-
tiveones (e.g. curvature magnitude). Our method agrees with
their conclusion, in addition we show (by example) that prin-
cipal directions can aso be estimated fairly robustly by our
method, while thisestimation is not addressed in [5, 13].

1.2 Overview of Our Approach

Our method robustly recoversthe sign and direction of prin-
cipa curvatures for surface reconstruction directly from 3D
data, without surface fitting nor partial derivative computation
of any kind. Zero curvature areas are detected and handled uni-
formly, by using homogeneous coordinates (section 3.1). The
basis of our method is grounded on two elements: local struc-
tures are uniformly represented by a second order symmetric
tensor, which effectively encodes preferred direction, while
avoiding early decision on norma orientations and mainte-
nance of global orientation consistency. Data communication
is accomplished by alinear voting process, which simultane-
oudly ignores outlier noise, corrects erroneous orientation (if
given), and detects surface orientation discontinuities. While
approaches at one extreme compl etely trust the estimated nor-
mals (e.g. [9]), and methods at the other extreme completely
bypass the normal recovery process (e.g. [1]), our method is
more flexible: it makes use of reliably inferred surface orien-
tation information, corrects erroneousnormal s, and ignoresin-
consistent votes.

The use of a linear voting process for feature inference
from sparse and noisy data was first introduced by Guy and
Medioni [6], formalized into aunified tensor framework in[7],
and later modified for featureintegrationin [10]. The method-
ology is non-iterative and robust to considerable amount of
outlier noise. The only free parameter isthe scale of anaysis,
which isindeed a property of human perception. Input datais
made to align (votes) with precomputed dense tensor kernels,
by propagating preferred information in aneighborhood. This
preferred information includes proximity, smoothness, conti-
nuity, preferred surface orientation, and low and constancy of
curvature. We shall detail these issuesin section 2.

Many affordablelaser range finders can now produce dense
and mostly accurate information. However, outlier noiseisstill
unavoidable in the measurement phase (Figures 14 and 16).
With dense, mostly accurate but imperfect data, if we can ro-
bustly estimate curvature information, and use it to tune the
dense voting kernels accordingly in voting, more reliable sur-
face recongtruction should result. To elaborate, suppose that
we vote near the endpoints of a circular arc in 2D (Figure 1)
tofill the gap. Without the use of curvature information, using
Guy and Medioni’smethod, acirclewill not be produced since
straight connection (zero curvature) is preferred.

D
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Figure1l \oting without curvatureinformation.
We summarize thetensor voting formalismin thissection, and
refer interested readersto[6, 7] for details. Figure2 depictsthe
overall strategy. The input can be points, edgels, or normals,
or any combination of them, which will befirst quantized and
then “ tensorized” to produce a discrete tensor field. Thisten-
sor field will then be enhanced or “ densified” for subsequent
surface and curve extraction. A new, voting-based processing
for curvature estimation is added between tensorization and
densification, which will bedescribed inthe next section. Ten-
sor votingisgrounded ontensorsfor representation, and voting
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Figure 2 Overall approach.

2 TheTensor Voting Formalism

Tensor representation A point in the 3D space can as
sume either one of the three roles: surface patch, discontinu-
ity (curveor point junctions), or outlier. Consider the two ex-
tremes, in which a point on a smooth surface is very certain
about its surface (normal) orientation, whereas a point on a
(curve or point) junction has absol ute orientation uncertainty.
This whole continuum can be abstracted as a second order
symmetric 3D tensor, which can be visuaized geometrically
as an dlipsoid. Such an dlipsoid can be fully described by
the corresponding e gensystem with itsthree unit el genvectors
Vimax; Virid, and Virin and the three corresponding eigenvalues
Amax > Amid > Anin. Rearranging the eigensystem, the 3D €-
lipsoidisgiven by: (Amax — Amid) S+ (Amid — Arin) P+ AminB,



where S = VeV, defines a stick tensor, P = Viax Vil +
VhidVi%, 4 defines aplatetensor, and B = Virax Ve + Viid Vi g
VininVi%i, givesaball tensor. These tensors define the three ba-
sistensorsfor any 3D dlipsoid. See Figure 3.
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Figure 3 A second order symmetric 3D tensor.

Geometric Interpretation The eigenvectors effectively en-
code orientation (un)certainties: surface orientation (normal)
isdescribed by the stick tensor, whichindi cates certainty along
asingledirection (aline). Uncertainties are abstracted by two
other tensors: curve junction isresulted from two intersecting
surfaces, where the uncertainty in orientation only spansasin-
gle plane perpendicular to the tangent of the junction curve,
and is thus described by a plate tensor. At point junctions
where more than two intersecting surfaces are present, a ball
tensor is used since there is no preferred orientation. The
eigenvalues, on the other hand, effectively encode the magni-
tudes of orientation (un)certainties, sincethey indicatethe size
of the corresponding € lipsoid.

Therefore, after the eigensystem analysis, three dense vec-
tor maps are defined. Each voxe of these maps has a 2-tuple
(s, V), wheresisascalar indicating feature saliency or strength,
and V is a unit vector indicating direction®:

o Surface map (SMap): S= Amax — Arrid, @nd V = Viyey indi-
cates the normal direction.

o Curve map (CMap): S = Apig — Amin, @d V = Viin indi-
cates the tangent direction.

¢ Junction map (JMap): S= Anin, Visarbitrary.
Densification by voting Having defined the tensor formal-
ism, we are now ready to describe the voting algorithm for ob-
taining the tensor representation at each voxel that gives the
above dense vector maps, thus achieving densification. Sup-
pose the data has been tensorized (tensorization will be de-
scribed shortly), in which stick components indicate preferred
norma directions. These input tensors votes, or are made to
align (by trandation and rotation), with predefined, discrete
versions of the three basis tensors (we shall call them voting
kernels) in a convolution-likeway.
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Figure4 Thedesign of the stick kernel.

INote that since a second order symmetric tensor is used, the resultant
eigenvector only indicates the direction along v, hence there are still two
choices of orientation.

Here, we explain the design of the stick kernel, which isa
key component in curvature estimation. Suppose we have a
norma N at the origin O and apoint P (Figure4). A spherica
surface ischosen as the“most likely” continuation between O
and P, since curvature along the circular arc connecting O and
P iskept constant (thisimplicitly encodes the smoothness con-
straint aswell). We say that O withnormal N has cast avote at
P. Thisvote consists of astick tensor (aunit vector) v indicat-
ing the preferred direction, and a scalar indicatingits strength,
or surface saliency. Thedirection of visgivenby thenorma of
the hypothetical sphere at P (shown as the thick arrow in Fig-
ure4). (Note that the votev a P and N at O lie on the same
plane) The strength, or saliency, is attenuated by the follow-

ing decay:

PLrep?
DF(P) =& (o7 )

)
where sisthe arc length connecting O and P (therefore, s en-
codes proximity), p isthe curvature, ¢ isa constant (chosen a
priori, not a parameter) that controls the amount of attenua
tion with higher curvature, and o is the scale of analysis (the
only parameter). The set of al such votesin the 3D spaceis
discretized and collected as the stick kernel. (Figure 4 aso
shows the general shape of the stick kerndl, depicting a fam-
ily of hypothetical spherical surfaces voting for smooth con-
nection. Figure 5 shows one dlice of the stick kernel aty =0
plane)

The plate and the ball kernels are dense isotropic tensor
fields. Please refer to [ 7] for details. Figure 5 also depicts one
dice of the plate kernel (cut dong the x = 0 plane). An input
tensor is said to cast its stick votes, or votes with the stick ker-
nel, when its stick component is aligned with the stick kerndl.

Figure5 Onesdlice of stick (on theleft) and plate kernel.

When each input tensor has cast their stick, plate, and ball
votes to neighboring voxels by aigning with the respective
dense basis kernels, each voxel in the volume receives a set of
directed votes. Thesedirected votesare collected, using tensor
addition, as a 3 x 3 covariance matrix. We diagonalize this
matrix into the corresponding elgensystem. Then, the tensor
formalismisapplied.

Tensorization by Voting  In practice, we may have points,
edgels, normals, or any combination of them, as input. First,
the input is unified by encoding it as a tensor field. For scalar
input, each data point isencoded as aball tensor sinceinitially
thereis no preferred orientation. For edgels, they are encoded
as plate tensors. For normals, they are represented by stick
tensors, which are actually very elongated elipsoids. Then,
theseinput tensorswill vote exactly as described above, except
that votesare only collected at theinput tensors (but not every-
whereinitsneighborhood asin densification). After thevoting
step, theoriginal input isreplaced by trueellipsoids, which en-
code preferred surface normal and curve tangent informeation.



Erroneous input normals are thus discarded and replaced with
these inferred ellipsoids.

Extremal Surface and Curve Extraction After dense fea
ture maps have been obtained, we extract features in terms of
coherent surfaces and 3D space curves from them. In essence,
we detect zero crossings using an el aborate process defined by
saliency extrema, and group these zero crossings into surface
patches or curve segments, by using a modified marching pro-
cess. This marching process differs from the Marching Cubes
agorithm since the orientation of thenormalsin SMap {(s,V) }
need not beknowninadvance or consistently oriented. For this
reason, our curvature estimation does not distinguishif apoint
isconvex or concave, if itsestimated curvaturelabel (next sec-
tion) is parabolic or eliptic. We refer readers to [10, 11] for
more detail on extremal surface and curve algorithms.

3 SurfaceCurvature by Tensor Voting

When the input has been tensorized, each input site (point,
edgel, normal) isreplaced by a set of true elipsoids encoding
preferred surface normal and curve tangent information. Each
input tensor will vote again for estimating sign and direction
of principal curvatures (the shaded processin Figure 2).

3.1 Sign of Principal Curvature Estimation

After tensorization, we first analyze each input dlipsoid,
by tensor voting, to labdl it as locally (a) planar, (b) dliptic,
(c) parabolic, or (d) hyperbolic, an outlier, or a discontinuity.
Except for the last case, when this process is done, each in-
put sitewill locally know which sidew.r.t. itsstick component
thesurface shouldlocally curveto. Therefore, curvature-based
stick kernelswill be generated for densification that followed.
Thus, we do not need to vote at both sides of stick as shownin
Figure 4, in which no explicit curvature information is used.
Representation of sign of curvature For each input tensor,
we arbitrarily pick an orientation out of the two choices of its
stick component Viax as reference. Then, we align with it a
local coordinate system. The sign of curvature isindicated by
thesidew.r.t. theoriented Vi the surface should locally curve
to. Homogeneous coordinates are used to represent the sign of
curvature so that zero curvature can be handled uniformly.
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Figure 6 Estimating sign of curvature by tensor voting.

To elaborate, refer to Figure 6. Let O be the input site with
arbitrarily oriented stick Vimax. W..0.9., consider P, Q, and Rin
theneighborhoodof O, nbhd(O), asspecified by DF(-). Let Np
(resp. Ng and Ny) be the stick component of theinput ellipsoid
a P (resp. Q and R) obtained after tensorization, and suppose
that O casts a stick vote with direction NJ (resp. N and Np)
whichisreceived a P (resp. Q and R), by alignment with the
stick kernel. We say that O induces sign of curvature votes at
P, Q, R, which are collected a O. The direction and strength
of these votes are defined as tabulated as follows:

Sgn of curvature vote collected a O

P (above) Q (on) R (below)
L 1 [1 0 1| -1
direction ﬁ[l] [1] 21 1

e Imrmel i
strength di’;(oypp) digt(o,(g) d’\i‘rst(O,R)

where dist(-) isthe Euclidean distance. The dot product in the
vote strength definition above indicates vote consistency, i.e.,
if the magnitude of the dot product is close to zero, it means
that the stick vote Ng (resp. Ng and NP) supposedly cast by O
isnot consistent with Np (resp. Ng and N;). One or both of the
followings occur:

o the elipsoid (or its stick component) inferred during ten-
sorization at O or at the point is not accurate

o the smoothness constraint prescribed by the stick kernel
isnot satisfied

These situationsmay arise for severely corrupted data or at
adiscontinuity. In either case, thevoteisunreliableand should
beignored by the dot product.
VoteCollection Oisavote collector, aggregating sign of cur-
vature vote (with itsdirection and strength defined above) cast
by apoint Pin aneighborhood. Denote such voteby v, where
||Vp|| defines the vote strength as above. The voting processis
exactly the same as described in section 2, but the interpreta-
tion different, as explained in the following. We compute the
(sample) mean M and covariance matrix S of thevotedistribu-
tion. First, welet

M 1
My n Penbzhd(O)
M
no= M—X (note that My > 0) (3)
y

wheren = #P, P € nbhd(O). For p=1,2,---,n, define

p—M 4
iV o V] €]

UJ'O<‘|
— <

Therefore, v, denotes the deviation of v, from the “wei ghted-
averaged sign” M. Using B, we compute the covariance matrix
Sasthe 2 x 2 positive semidefinite matrix, and the total vari-
ance y of Sisthetrace of S, asfollows:

1 T
— 1BB (6)
trace(S) (7

S =

z =
Geometricinterpretation pand ¥ together indicate which
sidew.r.t. to the stick at O the (recovered) surface should lo-
cally curve to. We have the following cases (Figure 7):

o|U| = 0,3 ~ 0. Curvatureiszero (i.e. withinan empiri-
cal tolerance) in nbhd(O). It indicatesthat O islocally planar
(Figure 7(a)).

o|l| % 0, & 0. Pointsin nbhd(O) prefers smooth connec-
tion (3 = 0), on only one side of the stick at O (|| % 0). It
indicatesthat O islocaly dliptic (Figure 7(b)).



o|U| = 0,5 % 0. Curvature votes cancel out each other, as
indicated by non-zero 3. Pointsin nbhd(O) do not prefer ei-
ther side of the stick, which indicates that O is locally hyper-
bolic, or an outlier, or a discontinuity (Figure 7(c)).

o|U| % 0,3 5 0. Curvature votes indicate that one side of
the stick is preferred. Yet, there exists votes with zero curva
ture (implied by non-zero 5). Thisindicatesthat O islocally
parabolic (Figure 7(d)).

o hd ® 5 0 . .
. Q 0
@ ' (0)

NS o

Figure 7 Geometric interpretation of vote collection.

If Oisinferred to belocally hyperbolic, an outlier, or adis-
continuity, then we use the original dense stick kernel defined
in section 2 for densification, because of theinconclusivevote.
Note, despitethat the sign estimates are unreliableat regionsof
surface orientation discontinuities, these singularities are de-
tected as point and curvejunctions, which are characterized by
a high disagreement of oriented votes collected at such sites.
No surface patch is produced in these regions of low surface
saliencies where surface saliency extremum does not exist.

If Oislabeled aslocaly planar, we use the origina kernel,
but redefine DF to impose more decay with high curvature.
3.2 Estimation of Principal Directions
Vote Definition We define the votefor principal directionsas
follows. Refer to Figure 8. Let Ny be the stick component of
thedlipsoidinferred at P after tensorization, and that it casts a
vote (using the stick kernel) which isreceived at Q. Let N be
the direction of this stick vote. Then, by the definition of the
stick kernel, N at Q, Np at P lie on the same plane. We denote
this plane by Mpq.

Let Ng be the stick component of the elipsoid inferred at
Q after tensorization. Let Ty be the tangent plane at Q, by as-
suming that Ny isthedirection of surface normal. Then, Ny L Tq
(Figure 8). The rdiability of this assumption isindicated by
voteinconsistency.

I'IPQ(on paper) Np

P(voter)

Tq (sticking
in and out
of paper)

N (vote cast by P)

Figure 8 \bte for principal directionsusing the stick kernel.

If TqN Mpg # O (otherwise we simply skip the follow-
ing), thisintersection gives aline. We define the direction and
strength of the vote as follows:

Direction. We put avoteVv along theline Tq N Mpg, because
P “curvesto” Q aong thisdirection (Figure 9).

Ty (on papef)J[ 4 ' VOta;SlllaonnPQ,\ E

A =~ A
Figure9 Principal direction vote on Tg.

Strength. Scale and project the curvature along the circu-
lar arc (denoteit by p) onto Ng by dlst PQ |||N|| ||Nq||| which
prefers directions on the tangent plane Ty which curve more
(asindicated by |p|), giving more weight to such directions. In
other words, we vote for maxi mum direction (as the minimum
directionismerely 90° off). If ||N|| H%l;ﬂ ~ 0, it meansthat the
stick voteN cast by P isnot consistent with Ng (thisunreliable
vote will thus be ignored).

VoteCollection ThevotesV'sonthetangent planeTq arecol-
lected as a second order symmetric tensor, or equivalently as
an elipse. Thisisanaogous to the 3D tensor voting formal-
ism (Figure 3). This topological ellipse (Figure 9) describes
the equivalent eigensystem with its two unit eigenvectors Vi
and Vim and the two corresponding eigenvalues Apx > Amn.
Rearranging the eigensystem, the ellipse is given by: (Amx
Am)S+ AmP, where S = ViV, defines a stick tensor, and
P = ViV + ViV, defines a plate tensor, in 2D.
Geometric Interpretation  Here, the eigenvectors denote
the principal directions: Vi (resp. \7m) gives the maximum
(resp. minimum) direction. The eigenvalues, however, do
not indicate the magnitude of principal curvatures, because the
value of curvature at a point in direction @ is given by [4]:
Kmex COS%(@— @) + kinSIN?(@— o) (a is the principal curva-
ture directions) which does not follow an elliptic distribution,
and thus cannot be described by a second order symmetric 2D
tensor (ellipse). In fact, the general shape of the distribution
resembles that of a peanut [4], not an ellipse, and that our ex-
perimentsindicate an over-estimation (resp. under-estimation)
of maximum (resp. minimum) curvature if we assume elliptic
distribution. However, given that the strength of votesisprop-
erly defined, this dliptic distribution assumption should still
valid for approximating principal directions, if only the direc-
tion of the resultant eigensystem is considered.

3.3 Curvature-based Stick Kernels

(a) stick kernel for locally planar voxel

(b) stick kernel for locally parabolic or elliptic voxel
Figure 10 Curvature-based stick kernels.

Since we can only estimate sign and direction of princi-
pal curvatures reliably, but not the magnitude, we only use
the sign information to derive the curvature-based stick ker-
nel for densification and coherent surface and curve extrac-
tion. Magnitude of curvatureis known to be hard to estimate,



because of the instability of second order estimates. Tensor
voting does not involve such unstable, partial derivative com-
putation. Also, knowing the principa directions should help
recovering the magnitude, which is the subject of future re-
search. Accordingtothelabd inferred for each input ellipsoid,
we have the following cases:

o Hyperbolic region, outlier or discontinuity. Voxes la
beled as hyperbolic, outlier or discontinuity are characterized
by inconclusive curvature votes. We usethe original stick ker-
nel as defined in section 2 for densification.

¢ Planar. If voxelsarelabeled as locally planar, we use the

same stick kernel, but impose more decay with high curvature,
. _(ﬂlf) . .
i.e DF(P)=e " ¢ ’,C>» cwherecistheattenuation fac-

tor in Equation (1). Figure 10(a) showsone dice (at y = 0) of
thisstick kernel. Note the “thinness’ of the kernel, as opposed
tothekerne inFigure5. Thiskerne prefersplanar connection.

e Parabolic or dliptic. If voxels are labeled as locally
parabolic or dliptic, we only consider the set of directionsand
strengths of the stick kernel for which sgn(p)sgn(p) > 0, i.e,
oneside of the stick kernel, upon kernel alignment.

4 Robustnessof Sign Estimation

We perform experiments on synthetic data to evaluate the
accuracy and robustness of our tensor voting approach to cur-
vature estimation.

Accuracy of Labeling Point samples are collected from a
spherical, aparabolic, and ahyperbolicsurface. Weadd alarge
amount of random noise to the bounding box of each shape.
Thefollowingtable summarizestheresult. Notethat over 95%
of accuracy is still reported with as much as 200% of outliers,
i.e., only one out of three pointsis correct (Underlined (resp.
plain) text on the leftmost column indicates the percentage of
correct (resp. incorrect) labeling.)

SPHERE (489 POINTS)
50% noise 100% noise 150% noise  200% noise

elliptic 100.00% 100.00% 99.40% 95.88%
parabolic  0.00% 0.00% 0.00% 4.12%
planar 0.00%  0.00% 0.60% 0.00%
hyperbolic 0.00%  0.00% 0.00% 0.00%
CYLINDER (3844 POINTS)
50% noise 100% noise 150% noise  200% noise
elliptic 0.00%  0.00% 0.00% 0.00%
parabolic 97.89% 97.41%  99.60% 96.30%
planar 0.17% 1.85% 0.17% 2.72%
hyperbolic 1.94% 0.74% 0.23% 0.99%
SADDLE (605 POINTS)
50% noise 100% noise 150% noise  200% noise
elliptic 0.00%  0.33% 0.67% 0.50%
parabolic 0.17%  0.00% 0.00% 0.00%
planar 0.00%  0.00% 0.00% 0.00%
hyperbolic 99.83% 99.67%  99.33% 99.50%

Grouping by Curvature Here, we demonstrate the use of
faithfully inferred curvature information for performing scene
segmentation in more complex synthetic scenario. By making
use of curvature, we can perform the integrated surface infer-
encein aless complex way than [10].

sparse input points labeled as planar

Points labeled as elliptic reconstructed surfaces
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Figure 11 Results on synthetic scene segmentation and surface reconstruc-

tion using estimated curvature information for (a) sparse plane-sphere, and

(b) noisy saddle-cylinder. Using curvature information, we obtain compara-
ble resultswith [ 10] using a less complex method.

reconstructed surfaces

(A) SPARSE PLANE-SPHERE. A sparse set of pointsis sam-
pled from a sphere intersecting with a plane. Having accurate
curvature estimation, we can segment the scene into the cor-
responding spherical and planar components, and then recon-
struct the corresponding surfaces (Figure 11(a)). A more el ab-
orate and complex process is needed in [10] to obtain compa-
rable result.

(B) NoISYy SADDLE-CYLINDER. We sample data from ahy-
perbolic surface intersecting with a cylindrical surface, and
randomly add a considerable amount of outliers in the vol-
ume. We can recover curvatureinformation, segment theinput
features, and derive the underlying surface descriptions (Fig-
ure 11(by)).

5 Robustness of Estimation of Principal Direc-
tions

A total of 3969 point samples are obtained from a toroidal
surface, a genus-one object. We add a large amount of (up to
1200%) outlier noisein the corresponding bounding box. Fig-
ure 12 is a histogram showing the accuracy of the estimated
principal directionsat different noiselevels. Figure 13 shows
the noisy input and the reconstructed surface. Our method de-
gradesgracefully withincreasing amount of outliers. Notethat
the reconstructed surface can be extracted even up to 400%
noise, and most part of it can still be extracted in the presence
of as much as 1200% noise.
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Figure12 Graceful degradation of the estimated curvature direction for

torus. The estimated direction is not adversely affected by outlier noise.
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Figure 13 Noisy input and the correspondingreconstructedsurfacefor torus,
showing the graceful degradation of our method.

6 MoreResultson Real Data

A good choice of real datafor evaluating our system isdata
for dental CAD/CAM. A patient-specific dental restorationin-
volves complex, distinct but close-by surfaces. For example, a
crown restoration consists of an upper surface (on which food

plicit in the input point set) that should not be smoothed out
during the inference of the surface modd.

two views of the
noisy data

extracted 3D creases
(only implicit in data)

two distinct,
close-by
surfaces can
be segmented

lower surface

“(iii) surface slices

significantly less
spurious patches
at new crown

by voting in the
preferred curvature
direction

spuri o
(iv) bottom view of crown

Figure 14 Results on surface and curve inference from noisy crown data.
(please see movieclip at http://iris.usc.edu/~chitang/research.html)

(A) CROWN. A st of 9401 pointsis sampled from a crown
restoration. Figure 14 shows the noisy input data, the ex-
tracted surfaces and 3D crease curves. By using curvature in-
formation, we can segment the two distinct but very close-
by surfaces, as shown in the two dlices. Also, since we gen-
erate considerably less irrelevant votes by voting only at one
side of theinput stick in the preferred curvature direction, we
made an improvement over a previous work [12] on the same
data. Significantly less spurious surface patches are produced
at the “crown”: acurve junction (low surface but high curve
saliencies) corresponding to surface orientation discontinuity.
In [10], arather elaborate and complex process is described
for feature integrationthat does not take curvatureinformation
into consideration, accounting for the use over 60000 points
for comparable result.

(B) MoD. A set of 4454 pointsissampled from amod restora:
tion, which is to be put into a patient’s diced tooth. In the
movie clip, we shows the input data, the extracted surface
model, and the inferred creases and other anatomica lines
which are only implicit in the data. Due to the space limit,
please refer to the movieclip at
http://iris.usc.edu/~chitang/research.html.



(c) FEMUR. A set of 18224 points is sampled from femur
(courtesy of INRIA), to which we add 400 outliers. A femur
is the proximal bone of the lower limb. We infer the surface
description from the noisy data, and label the regions detected

three views of the reconstructed surface

Figure 15 Resultson surface reconstructionfor femur data. Regions of neg-
ative Gaussian curvatureare marked in red.

(D) BusT. A st of 57712 points as obtained from dense
stereo, bust, a bald human head moddl. Thisis a noisy data
set, withvery few datapointson thetop of thehead (Figure 16).
Here, interesting regions of negative Gaussian curvatureare la-
beled, such as the eyes, the area between the nose and cheek,
the back of neck, and regions closeto both ears. Figure16 aso
shows the faithful reconstructed surface.

7 Conclusion and Future Work

We have described an approach that infers sign and direc-
tion of principa curvatures directly from the input, and uses
thisinformation for coherent surface and curve extraction. No
partial derivative computation or loca surface fitting is per-
formed, which are very unstable in real data because outlier
noise is not uncommon. Also, zero curvature is handled uni-
formly. Curvatureinformationisincorporated into an existing
computation framework, and we have shown results on readl,
noisy and complex data. The future work on this research fo-
cuses on more comparative study, a more quantitative error
analysis of our method, investigation of the effect of quanti-
zation and multi-resolution.
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Gaussian curvatureregionsare marked in blue.



